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Abstract

We address the question of how a firm’s current location in the space of technological possi-
bilities constrain its search for technological improvements. We formalize a quantitative notion
of distance between technologies — encompassing the distinction between evolutionary changes
(small distance) versus revolutionary change (large distance) — and introdecienalogy land-
scapeinto an otherwise standard dynamic programming setting where the optimal strategy is to
assign a reservation price to each possible technology. Technological search is modeled as move-
ment, constrained by the cost of search, on a technology landscape. Simulations are presented on
a stylized technology landscape while analytic results are derived using landscapes that are similar
to Markov random fields. We find that early in the search for technological improvements, if the
initial position is poor or average, it is optimal to search far away on the technology landscape; but
as the firm succeeds in finding technological improvements it is optimal to confine search to a local
region of the landscape. © 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

We address the question of how a firm’s current production practices and its location in the
space of technological possibilities constrain its search for technological improvements. We
formalize a quantitative notion of technological distance which encompasses the distinction
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between evolutionary change (small distance) versus revolutionary change (large distance).
We are particularly interested in the relationship between the firm’s current location in
the space of technological possibilities and th&tanceat which the firm should search

for technological improvements. Our formalization results inaadscape Search Model
(LSM) search based uportechnology landscap&hich extends traditional search theory.

In the present discussion we focus on a detailed application of the LSM to optimal firm
search? Sufficient detail is provided so that readers unfamiliar with the LSM will find a
self-contained treatment.

The starting point for our discussion is the representation of technology first presented
in Auerswald and Lobo (1996) and Auerswald et al. (2000). In this framework a firm’s
production plan is more than a point in input—output space; it also includgsdbaction
recipeused in the process of production.canfigurationdenotes a specific assignment of
states for every operation in the production recipe. A production recipe is comprided of
distinctoperations each of which can occupy one §fdiscrete states. The productivity of
labor employed by a firm is a summation over the labor efficiency associated with each of
the N production operations. The labor efficiency of any given operation is dependent on the
state that it occupies, as well as the statesather operations. The parametaepresents
the magnitude of production externalities amongiheperations comprising a production
recipe, what we refer to as “intranalities”. In the course of production during any given
time period, the state of one or more operation is changed as a result either of spontaneous
experimentation or strategic behavior. This change in the state of one or more operations of
the firm’s production recipe alters the firm’s labor efficiency. The firm improves its labor
efficiency — i.e., to say, the firm finds technological improvements — by searching over
the space of possible configurations for its production recipe. When a firm finds a more
efficient production recipe, it adopts that recipe in the next production period with certainty.

In order to explicitly consider the ways in which the firm’s technological search is con-
strained by the firm’s location in the search space, as well as the features of the space,
we go beyond the standard search model (based on dynamic programming) and specify a
technology landscap&he distance metrion the technology landscape is defined by the
number of operations whose states need to be changed in order to turn one configuration
into another. The firm’s search for more efficient, production recipes is studied here as a
“walk” on atechnology landscap@& hecost of searclpaid by the firm when sampling a new
configuration is a nondecreasing function of the number of operations in the newly sampled
configuration whose states differ from those in the currently utilized production recipe.

The literature on technology management and organizational behavior emphasize that
although firms employ a wide range of search strategies, firms tend to endacgd search
— i.e., search that enables firms to build upon their established technology (see, e.g., Lee
and Allen, 1982; Sahal, 1985; Tushman and Anderson, 1986; Boeker, 1989; Henderson and
Clark, 1990; Shan, 1990; Barney, 1991; Helfat, 1994). As discussed in March (1991) and
Stuart and Podolny (1996), the prevalencéochtl searchstems from the significant effort
required for firms to achieve a certain level of technological competence, as well as from
the greater risks and uncertainty faced by firms when they search for innovations far away
from their current location in the space of technological possibilities. Using both numerical

2 Further details and other applications of the LSM can be found in Lobo and Macready (1999).
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and analytical results we relate the optimal search distance to the firm’s initial productivity,
the cost of search, and the correlation structure of the technology landscape. As a preview
of our main result, we find that early in the search for technological improvements, if the
firm’s initial technological position is poor or average, it is optimal to search far away
on the technology landscape. As the firm succeeds in finding technological improvements,
however, itis indeed optimal to confine search to a local region of the technology landscape.
We also obtain the familiar result that there are diminishing returns to search but without
having to assume that the firm’s repeated draws from the space of possible technologies are
independent and identically distributed.

The outline of the paper is as follows. Section 2.1 presents a simple model of firm-level
technology; production recipes are introduced in Section 2.1, production “intranalities”
are defined in Section 2.2, and firm-level technological change is discussed in Section
2.3. The material in these sections draws heavily from Auerswald and Lobo (1996) and
Auerswald et al. (2000) and further details can be found there. Section 3 develops the
notion of a technology landscape, which is defined in Section 3.1. The correlation structure
of the technology landscape is introduced in Section 3.2 as an important characteristic
defining the landscape. Section 4 treats the firm’s search for improved production recipes
as movement on its technology landscape. The cost of this search is considered in Section
4.1. Section 4.2 then presents simulation results of search fdtebechnology landscape
model defined in Section 2.2. We then go on to develop an analytically tractable model of
technology landscapes in Section 5. We also describe in this section how a landscape can
be represented by a probability distribution under an annealed approximation. Section 6
considers search under this formal model. The firm’s search problem is formally defined
in Section 6.1 and the important role of reservation prices is considered in Section 6.2.
Section 6.3 determines the reservation price which determines optimal search and results
are presented in Section 6.4. We conclude in Section 7 with a summary of results and some
suggestions for further work.

2. Technology
2.1. Production recipes

Arecent body of work, both empirical and theoretical, emphasizes the importance of firm
specific characteristics for explaining technological change (for empirical contributions to
this literature, see, e.g., Dunne, 1988, 1989; Audretsch, 1991, 1994; Davis and Haltiwanger,
1992; Bailey et al., 1994; Dwyer, 1995; Dunne et al., 1996; for theoretical contributions,
see, e.g., Jovanovic, 1982; Herriott et al., 1985; Hopenhayn, 1992; Kennedy, 1994; Ericson
and Pakes, 1995). Our representation of firm-level technology incorporates this perspective.

A firm using production recipe and labor input, produces;,; units of output during
time periodt,

qr = F[0:, L]. (2)

The parametef represents a cardinal measure of the level of organizational capital asso-
ciated with production recipe. The firm’s level of organizational capital determines the
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firm’s labor productivity (i.e., how much output is produced by a fixed amount of labor).
Firm-level output is thus an increasing function of organizational capitalfirm’s level of
organizational capital is a function of tipeoduction recipautilized by the firm. The firm’s
production recipe encompasses all of the deliberate organizational and technical practices
which, when performed together, result in the production of a specific good. (Our concept
of organizational capital is very similar to that found in Presscott and Visscher (1980) and
Hall (1993).) We assume, however, that production recipes as we define them are not fully
known even to the firms which use them, much less to outsiders looking in. In order to allow
for a possibly high-level of heterogeneity among production recipes utilized by different
firms, we posit the existence of a set of all possible production reciped/e will refer to

a single element; € £2 as a production recipe. The efficiency mapping

0:w €N —RT (2

associates each production recipe with a unique labor efficiency.

Production recipes are assumed to involve a number of distinct and well-defieed
ations Denote byN the number of operations in the firm’s production recipe, which is
determined by engineering considerations. ftheecipew; can then be represented by

w,-:{wil,...,wi/,...,a)l{v}, 3)

Wherew{ is the description of operatighfor j = 1, ..., N. We assume that the operations
comprising a production recipe can be characterized by a sdisofetechoices. These
discrete choices may represent either qualitative choices (e.g., whether to use a conveyor
belt or a forklift for internal transport), quantitative choices (e.qg., the setting of a knob on a
machine), or a mixture of both. In particular we assume that

o e{l,...,S) (4)

for eachi € {1,..., N} and whereS is a positive integer. Each operatio;j of the
production recipey; can thus occupy one of states.

We denote a specific assignment of states to each operation in a production recipe as a
configuration Making the simplifying assumption that the number of possible states is the
same for all operations that comprise a given production recipe, the number of all possible
and distinct configurations for a given production recipe associated with a specific good is
equal to

12| =sV. (5)

New production processes are created by altering the states of the operations which comprise
a production recipe. Technological change in this framework takes the form of finding
production recipes which maximize labor efficiency per unit of output (i.e., technological
progress is Harrod-neutral).

The contribution to overall labor efficiency made by tfte operation depends on the
setting or state chosen for that operatim;ﬁ, and possibly on the settings chosen for all

otheroperationsu;’ = {a)l.l, ... ,a)/'*l, w.jH, ... ,a){"}. Hence the labor efficiency of the

1 1

jth operation is in general a functiqﬁj of wij andw;’, so that we can write

¢! = ¢ (!, 0. (6)



S. Kauffman et al./J. of Economic Behavior & Org. 43 (2000) 141-166 145

We assume that th¥ distinct operations that comprise the production recipe contribute
additively to the firm’s labor efficiency

N .

18 1L,
O@) =~ 9l = 3D ¢ @ o). (7)
j=1

j=1

We can think ofp/ (a)lf wi_j) as the payoff to thgth operating unit when it is in statei"
and the other operations are in the states encoded by the v@_c‘[otn our cooperative

setting, operations act not to maximize their own labor efficiency, but rather the aggregate
labor productivity of the firm (i.e § (w;)).

2.2. Production intranalities

Working from the view that an important role of the firm is to “internalize” externalities
(Coase, 1937; Williamson, 1985), we assume that in the typical case there are significant
external economies and diseconomies amongMhaperations comprising a production
recipe — i.e. to say, significant production and management externalitiesiétkist the
firm. These “intranalities” can be thought of as connections between the operations con-
stituting the production recipe (Reiter and Sherman, 1962). To say that a connection exists
between two operations is simply to say that the performance of the two operations affect
each other (positively or negatively) either bilaterally or unidirectionally.

For a production recipe € §2, we define theproduction intranalityscalar

e,{ = e(oF, »)) (8)

as follows:

J

{ 1, if the setting of operation affects the labor requirement of operatiqrzg)
ek =

0, otherwise

for j,k=1,..., N.Since the choice of the setting for tiith operation always affects the

efficiency for thejth operation, we have§ =1forj =1,..., N. We make the strong
simplifying assumption of equal number of connections, namely

ol =é=e. (10)

We assume throughout thand N are given by nature.
Whene = 1, Eq. (8) is additively separable, otherwise

N N
1 Sl o ~
0(wi) = NZ‘M = ﬁquf(a);; Wt 0l). (11)
j=1 j=1

The S¢ possible contributions to total labor efficiency made by ftreoperation (through
¢) are treated as i.i.d. random variables drawn from some distribétion what follows
we assume that the values returnedpgre drawn from the uniform distribution; (0, 1),
over the unit interval, although our results are insensitive to this choice.
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2.3. Firm-level technological change

We now describe the general features of the technological problem facing the firm in our
model. The firm’s production recipe determines the firm’s level of organizational capital
and thus its labor efficiency. The production recipe is comprised of a number of distinct
operations which at each moment can be in one of a finite number of possible, and discrete,
states. Consequently, improvements in the technology used by the firm entails changes in
the state of the operations comprising the production regipe@m-level technological im-
provements result from the firm finding improved configurations for its production recipe.
Thus stated, the firm’s technological problem is a combinatorial optimization problem (Re-
iter and Sherman, 1965; Papadimitriou and Steiglitz, 1982; Cameron, 1994). A compelling
guestion to ask in the context of combinatorial optimization is, whether the globally optimal
configuration can be reached from any given initial configuration.

We propose to study the firm’s technological problem by meanstettanology land-
scapedeveloped in Section 3. The economies or diseconomies resulting from the interaction
among the operations constituting the production recipe constraintgreatly affect the firm’'s
search for technological improvements. The intranalities parampterides a measure of
the conflicting constraints confronting the firm as it seeks to optimize its production recipe.
Just as a topographical map is a way of representing height over a two-dimensional physical
space, a technology landscape is a means of representing the problem faced by the firm in
its search for the optimal configuration for its production recipe.

3. The technology landscape
3.1. Defining the technology landscape

To define a technology landscape we require a measure of distance between two different
production recipesy; andw;, each drawn frons2. The distance metric used here is not
based on the relative efficiencies of production recipes, but rather on the similarity between
the operations constituting the recipes. More preciselylitianced (w;, w;) between the
production recipes; andw; is theminimumnumber of operations which must be changed
inorder to converd; tow ;. Since changing operations is symmetfio;, w;) = d(w;, w;).

Given this distance metric, we can define the set of “neighbors” for any production recipe,

Na(wi) ={wj € {2 —w;} : d(w;, wj) =d}, (12)

whereN; (w;) denotes the set af-neighborsof recipew; andd < {0, ..., N}.

With this definition of distance between recipes, it is straightforward to construct the
technological graphI"(V, E). The set of nodes or vertices of the graph,are the pro-
duction recipes; € £2. The set okedgef the technological graplE, connect any given

3 Our view of technological innovation is similar to that of Romer (1990), who remarks that over the past few
100 years, “the raw materials that we use have not changed, but as a result of trial and error, experimentation,
refinement and scientific investigation, the instructions that we follow for combining raw materials have become
vastly more sophisticated”. Our “production recipes” are directly analogous to Romer’s “instructions”.
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recipe to itsd = 1 neighborsi.e., to the elements 0¥ (w;). For any production recipe,
the number of one-operation variant neighbors is given by

INMi(w)] = (S =N forall w; € 2. (13)

Thus each node df is connected t¢S — 1) N other nodes.

The technology grapli™ and the efficiency mag : 2 — R (efficiencies can be
associated with each node In) constitute a technology landscape. (For a comprehen-
sive discussion of landscape models, see Stadler, 1995.) Assume, for the moment, that the
labor efficiencie® (w;) are known with certainty for each; € £2. Adopting some method
for tie-breaking, we can orient the edges of the gradhom vertices with higher labor effi-
ciencies toward vertices associated with lower labor efficiencies. The firm’s search problem
can then be recast as that of “moving” in the technology landscape (varying the production
recipe by changing the state of at least one operation) in order to maxdmite “steps”
constituting such a walk represent the adoption, by the firm, of the sampled variants for its
production recipe.

In the more general (and interesting) case where the effici®@gyassociated with each
production recipe is not known with certaintyrandom field 7, can be defined over the
production recipes € £2 by the joint probability distribution

F(f1,...,0gv) =Probf(w;) <6; fori=1,...,8V}, (14)

wheref (w;) € I is the labor requirement at vertéxeachy; is a positive scalar ans" is

the total number of vertices (i.e., of production recip&sjhe joint probability distribution

in Eq. (14) induces a probability measyxeon (61, ... , Ogv). The mapping implicit in

Eq. (2), along with the measuye, forms a probability space which is a random field on

I, the technological graph (see Macken and Stadler, 1995). In general then, a technology
landscape is a realization &f (Stadler and Happel, 1995).

3.2. Correlation structure of the technology landscape

Perhaps one of the most important properties of a technology landscapepiséiation
structure The correlation of a landscape measures the degree to which nearby locations
on the landscape have similar labor efficiencies. A straightforward way to measure the
correlation of a landscape is by means of the correlation function

_ E@(@)f())ld) — E@@i)EE(@)))
o (0(w;))o (0 (w)))

whereo (0) is the standard deviation of efficiencies an@) is the landscape’s correlation
coefficient for efficiencies corresponding to production recipesind »; which are a
distanced apart (Eigen et al., 1989). The expectatB(® (w;)0 (w;)|d) is with respect to
the probability distributionP (6 (w;), 8 (w;)|d) which will be defined later in Section 5.

In the case of aNe technology landscape the level of intranalities characterizing a
production recipe induces tlwrrelation structureon the landscape. To see this, consider

p(d)

: (15)

4For a general introduction to random fields, see Griffeath (1976) or Vanmarcke (1983).
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the limiting case of a production method characterized by1. In this case the contribu-

tion made by each operation to overall production cost is independent of the states of the
other operations since the contribution to total efficiency made by each operation depends
only on the state of that operation. Whether or not each operation in the production recipe
makes its highest possible contribution to total efficiency depends in turn on whether or not
the operation in question occupies its optimal state. Therefore, there exists a single glob-
ally optimal configuration for the firm’s production method under which each operation
occupies its optimal state. Any other configuration, which must necessarily have lower ef-
ficiency, can be sequentially changed to the globally optimal configuration by successively
changing the state of each operation. Furthermore, any such suboptimal recipe lies on a
connected pathway via more efficient one-operation variants to the single global optimum
in the landscape. Given the additive specification for production efficiency, a transition to
a one-operation variant neighbor®f (i.e., changing the state of one operation) typically
alters the efficiency of the production method by an amd®¢it/ N). Whene = 1, pro-
duction methods a distande= 1 away in the efficiency landscape therefore have nearly
the same efficiency. Consequently, production methods in-anl landscape are tightly
correlated in their production efficiencies.

In contrast, inthe = N limit the contribution made by each operation to the efficiency of
the production method depends on the state of all other operations. The contribution made by
each operation is changed when even a single operation is altered. Consider any initial pro-
duction method among ti# possible recipes. Alteration of one of the production method’s
operations alters the combination of the- N operations that bear on the efficiency of each
operation. In turn, this alteration changes the efficiency of each operation to a randomly
chosen value from the appropriate distribution. The total production efficiency of the new
production recipe is therefore a sumMiew random variables, from which it follows that
the new efficiency is entirely uncorrelated with the old efficiency. The efficiency of any given
production method is therefore uncorrelated with the efficiencies of its nearest neighbors.

Following Weinberger (1990) and Fontana et al. (1993), we can formally defiogex
lation coefficienfor anNelandscape. Suppose the firm moves from production mettiod
production method’, a distancd apart. LetP (d) be the probability for any given operation
to be among thé operations that are changed by moving frero «’. The autocorrelation
coefficient,p (d), for two production methods a distang¢@part is then given by

p(d) =1— P(d). (16)

The efficiency of an operation is unchanged if it is not one ofdhaperations that have
been changed as the firm moved franto ', and if it is not one of the neighbors of any
of the changed operations. These two events are statistically independent, and thus

d e—177
P(d):l—[l—ﬁ}[l—N_l] , (17)

from which it follows that

,o(d)=|:1—ii||:1—e_1i|d. (18)

N N-1
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Whend = 1 and there are no production externalities=( 1), o(1) ~ 1 for largeN and
when every operation affects every other operatioa- N), p(N) = 0.

As e increases, the landscape goes from being “smooth” and single peaked to being
“rugged” and fully random. For low values efthe correlation spans the entire config-
uration space and the space is thus nonisotropic i&reases, the configuration space
breaks up into statistically equivalent regions, so the space as a whole becomes isotropic
(Kauffman, 1993).

A related measure of landscape correlation, and one which can be used to compare
landscapes, is theorrelation length The correlation length, of a technology landscape
is defined by

1= "p@. (19)
d>0
For a correlation coefficient which decays exponentially with distance, the correlation length
isthe distance over which the correlation falls fe tf its initial value. For théetechnology
landscape

1
l=——. 20
inp (20)

4. Search on the technology landscape
4.1. Search cost

The firm’s walk on a technology landscape is similar to a random search within a fixed
population of possibilities (Stone, 1978)In the model presented here the firm seeks tech-
nological improvements by samplimgvariants of its currently utilized production recipe.

It does this by selecting independent drawings from some distrib@tj@b a sampling cost
of ¢ per drawing (where > 0). The firm’s search rule is fairly simple. Consider a firm that
is currently utilizing production recipe; and whose labor efficiency is therefaiéw;).
The firm can take either of two actions: (1) keep using production regiper (2) bear an
additional search costand sample a new production recipg € V; from the technology
landscape. The decision rule followed by the firm is to change production recipes when an
efficiency improvement s found, but otherwise keep the same recipé.hethe efficiency

of the production recipe currently used by the firm, and|ee the efficiency of a newly
sampled production recipe; #f > 6;, the firm adoptsy; € £ in the next time period;

if 6; < 6;, the firm keeps using;. This search rule is in effect an “uphill walk” on the
landscape, with each step taken by the firm taking it #doaperation variant of the firm’s
current production recipe.

The actual procedures used by the firm when searching for technological improvements
can range from the non-intentional (e.g, “learning by doing”), to the strategic (investments

5 Technological change has often been modeled by economists as a random search within a fixed population of
possibilities (see, e.g., Evenson and Kislev, 1976; Weitzman, 1979; Levinthal and March, 1981; Hey, 1982; Nelson
and Winter, 1982; Tesler, 1982; Muth, 1986; Cohen and Levinthal, 1989; Jovanovic and Rob, 1990; Marengo,
1992; Adams and Sveikauskas, 1993).
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in R&D); technological improvements can result from small scale innovations occurring in

the shop-floor or from discoveries originating in a laboratory. The level of sophistication of

the firm’s search for new technologies is mapped into how many of the operations compris-
ing the currently used production recipe have their states changed as the firm moves on its
technology landscape. Production recipes sampled at large distances represent very differ-
ent production processes while production processes separated by small distances represent
similar processes. Improved variants found at large distances from the current recipe rep-
resent wholesale changes whereas nearby improved variants constitute refinements rather
than large scale alterations.

The many issues of industrial organizational, quality control, managerial intervention
and allocation of scarce research resources involved in firm-level technological change are
here collapsed into the cost, which the firm must pay in order to sample from the space
of possible configurations for its production recipe. We assume the unit cost of sampling
to be a nondecreasing function of how far away from its current production recipe the firm
searches for an improved configuration — recalling that in the metric used here the distance
between two configurations in the technology landscape is the number of operations which
must be changed in order to turn one production recipe into the other. For present purposes
it suffices to have the relationship between search cost and search distance to be a simple
linear function of distances

c=uad, (21)

wherea € AT and 1< d < N is the distance between the currently utilized production
recipe,w;, and the newly sampled production recipe,

4.2. Search distance

At what distance away from its current production recipe should the firm search for
technological improvements? In the most “naive” form of search on a technology landscape
the firm restricts itself to myopically sampling among nearby variants in order to climb to a
local optimum. Might it be better for the firm to search further away? The answer is “yes”,
but the optimal search distance typically decreases as the labor efficiency of the firm's
current production recipe increases.

Consider anNe technology landscape with a moderately long correlation length and
suppose that a firm starts production with a production recipe of average efficiency 0.5
(recall that for theNeefficiencies lie between 0 and 1). Then half of the 1-operation variant
neighbors of the initial production recipe are expected to have a lower labor efficiency, and
half are expected to have higher efficiency. More generally, half of the production recipe
variants at any distaneeé= 1, ... , N away from the initial configuration should be more
efficient and half should be less efficient. Since the technology landscape is correlated,
however, nearby variants of the initial production recipe, those a distance 1 or 2 away, are
constrained by the correlation structure of the landscape to be only slightly more or less
labor efficient than the starting configuration. In contrast, variants sampled at a distance well
beyond the correlation length,of the landscape can have efficiencies very much higher or
lower than that of the initial production recipe.
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Fig. 1. Mean labor efficiencies one standard deviation versus search distanc&/fer 100, ¢ = 1, and three
different initial efficiencies.

It thus seems plausible to suppose that, early in the firm’'s search process from a poor
or even average initial configuration, the more efficient variants will be found most readily
by searching far away on the technology landscape. But as the labor efficiency increases,
distant variants are likely to be nearly average in the space of possible efficiencies — hence
less efficient — while nearby variants are likely to have efficiencies similar to that of the
current, highly efficient, configuration. Thus, distant search will almost certainly fail to find
more efficient variants, and search is better confined to the local region of the space.

Figs. 1-3 show the results of simulations exploring this intuition for a technology land-
scape withv = 100, varyinge values,S = 2 and three different starting labor requirements
(near 0.35, 0.50, and 0.70). Théntranalities are assigned at random from any of the other
N — 1 operations. The number of operatiarisaffected by thejth operation is binomi-
ally distributed. The labor efficiency’ of the jth operation is assigned randomly from
the uniform distributionl/ (0, 1). The total labor requirement of a production recipe thus
varies from 0 to 1, and fav large enough has a Gaussian distribution with me&nfrom
each initial position, 5000 variants were sampled at each search digtande. .. , 100.

SinceN = 100, a distance of, e.gd, = 70, corresponds to changing the state of 70 of

the 100 operations in the binary string representing the firm’s current position on the tech-
nology landscape. Each set of 5000 samples at each distance yielded a roughly Gaussian
distribution of labor requirements encountered at that search distance. Figs. 1-3 show, at
each distance, a bar terminating at one standard deviation above and one standard deviation
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Fig. 2. Mean labor efficiencies one standard deviation versus search distanc&/fer 100, ¢ = 5, and three
different initial efficiencies.

below the mean labor requirement found at that distance. Roughly one-sixth of a Gaussian
distribution lies above one standard deviation. Thus, if six samples had been taken at each
distance, and the “best” of the six chosen, then the expected increase in labor efficiency at
each distance is represented by the envelope following the “plus” one standard deviation
marks at each distance.

Fig. 1 shows that whea = 1 and the initial labor efficiency is near 0.5, the optimal
search distance with six samples occurs when around 50 of the 100 operations are altered.
When the initial labor efficiency is high, however, the optimal search distance dwindles to the
immediate vicinity of the starting configuration. In contrast, when the initial labor efficiency
is much lower than the mean, it is optimal for the firm to “jump” (i.e., search far away)
instead of “walk” (i.e., search nearby) across the technology landscape. For Fig. 2, where
e = 5, the correlation length is shorter and as a result the optimal search distance for initial
efficiencies near 0.5 is smaller (in this case arodnd 5). It is still the case that for highly
efficient initial recipes, search should be confined to the immediate neighborhood. Very
poor initial efficiencies still benefit most from distant search. In Fig. 3, whetel1, the
correlation length of the technology landscape is shorter still and optimal search distances
shrink further.

The numerical results suggest that on a technology landscape it is optimal to search
far away when labor efficiency is low in order to sample beyond the correlation length of
the configuration space. As labor efficiency increases, however, optimal search is confined
closerto home. These numerical results are intuitively appealing and even common sensical.
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Fig. 3. Mean labor efficiencies one standard deviation versus search distanc&'fer 100, ¢ = 11, and three
different initial efficiencies.

Itis appropriate to ask, however, how closely tied are the results to the adoption of a specific
technology landscape model. In the next two sections we provide a framework with which to
analytically consider the question of optimal search distance not just fdekmdscape but

any landscape model. Section 5 outlines a formal framework with which to treat landscapes
while Section 6 places search cost within a standard dynamic programming context.

5. Analytic approximation for the distribution of efficiencies

Technology landscapes are very complex entities, characterized by a neighborhood graph
I" and an exponential number of labor efficienc§és In any formal description of technol-
ogy landscapes we have little hope of treating all of these details. Consequently we adopt
a probabilistic approach focusing on the statistical regularities of the landscape and which
is applicable to any landscape model.

To treat the technology landscape statistically we follow Macready (1999) and assume
that the landscape can be represented usiraparaled approximatiorhe annealed ap-
proximation (Derrida and Pomeau, 1986) is often used to study systems with disorder (i.e.,
randomly assigned properties) as is the case withNmimodel. (Recall that the labor
efficienciesg; are assigned by random sampling uniformly from the interval]() In
evaluating the statistical properties of thelandscape one must first sample an entire tech-
nology landscape and then measure some propertiaifandscape. Repeated sampling
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and measuring on many landscapes then yields the desired aggregate statistics. Analytically
mimicking this process is difficult, however, because averaging over the landscapes is the
final step in the calculation and usually results in an intractable integration. In our annealed
approximation the averaging over landscapes is thefieremeasuring the desired statistic,
resulting in vastly simpler calculations. The annealed approximation will be sufficiently
accurate for our purposes and we shall comment on the range of its validity.

As an example of our annealed approximation, let us assume we want to measure the
average of a product of four efficiencies along a connected walk. isWe label the effi-
cienciesdy, 6, 03, andfa. If P(61, ... ,0gn) is the probability distribution for an entire
technology landscape this average is calculated as

/ 01020304 P(01, ... ,0gn) dO1 - - - dOgn
= / P (601, 02, 03, 04) 61020304 d61 dO2 do3 db4. (22)

This integral may be difficult to evaluate depending on the forr @, 62, 63, 64). Under
the annealed approximation this integral is instead evaluated as

/ P (01)01 P (62|61)62 P (63]02)03 P (04]63)04 db1 db» dh3 dba, (23)

whereP (9|0’) is the probability that a configuration has labor efficiedayonditioned on
the fact that a neighboring configuration has efficieficy

As we have seen, under our annealed approximation the entire landscape is replaced by
the joint probability distributiorP (9 (w;), 8 (w;)), where production recipes; andw; are
a distance 1 apart ifi'. For any particular technology landscape the probability that the
efficiencies of a randomly chosen pair of configurations a distadragert have efficiencies
0 andd’ is

Z(M,w_/‘},ja(e - 9(&),))8(9/ - 9(6()]))
Z(“’hw/’)dl ’

where the notatioriw;, w;)4 requires that production recipes andw; are a distance
apart ands is the Dirac delta functioff. Rather than work with the fullP (9, 6'|d) we
simplify and consider only

P,0'|d) = (24)

PO(wi),0(@))) = PO(wi), 0(wj)ld =1). (25)

For some technology landscape properties we might need the @@ity;), 6 (w;)|d) dis-
tribution but we will approximate it by building up fromR (6 (w;), 6(w;)). More accurate
extensions of this annealed approximation may be obtaine®ifw;), 6 (w;)|d) is known.
From P(9(w;), (w;)) we can calculate bot® (6(w;)), the probability of a randomly
chosen production recipe; having efficiencyd (w;), and P (6 (w;)|0(w;)), the probability

6 The Dirac delta function is the continuous analog of the Kronecker delta funéiionis zero unless = 0
and is defined so th;ﬁ,S(x) dx = 1 if the region of integration/, includes zero.
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of a production recipe; having labor efficiency (w;) given that a neighboring production
recipew; has labor efficiency (w;). Formally these probabilities are defined as

9]

P(Q(wi))=/ PO (w), 0(w))) do (w;), (26)

—00
and
PO(wi), 0(w;))
PO(w;)
Note that we have assumed, for mathematical convenience, that labor efficiencies range over
the entire real line. While efficiencies are no longer bounded from below, the ordering rela-

tionship amongst efficiencies is preserved and extreme labor efficiencies are very unlikely.
For Nelandscapes the following probability densities may be calculated exactly as:

P(0(wi)|0(w))) = (27)

1 02(w;
P(G(a)i)):ﬁexp[— (2‘0)} (28)

2¢,.. 20,0 . .
0%(01) +6%()) 2p9(w,>9<w,)] (29)

1
PO (@), 0(w)) = ——r
O (wi), 0(w))) o 1_pzexp[ 20— p?)

(30)

1 exp[w(wo - pe(wmz}
V2r (1 — p?) 2(1-p?) ’
wherep = p(1) ~ 1 —¢/(N — 1) (see Eq. (18)) and where we have assumed without
loss of generality that the mear(;) and variance 2(¢;) of the technology landscape are
0 and 1, respectively. This annealed approach approximaté$ettechnology landscape
well whene/N ~ 1, i.e., wheno ~ 0, but can deviate in some respects wagN ~ 0,

i.e., whenp ~ 1 (see Macready, 1999). Egs. (28)—(30) define a more general family of
landscapes (singe can be negative) characterized by arbitrary

Since we are interested in the effects of search at arbitrary distdric@as a production
recipew;, we mustinferP (6 (w;)|0 (w;), d) from P (8 (w;), 8 (w;)). We shall not supply this
calculation here but only sketch an outline of how to proceed (for full details, see Macready,
1999). To begin, note th#(6 (w ;)10 (w;), d) is easily obtainable from® (6 (w; ), 0 (w;)|d) as

PO (wi), 0(w))ld)
P(0(wi))

P(0(w;), 8(w;)|d) is not known but it is related t® (6 (w;), 0 (w;)Is), the probability that

an s-step random walk in the technology graphbeginning atw; and ending at»; has
labor efficiencie® (w;) andé (»;) at the endpoints of the walk. (Each step either increases
or decreases the distance from the starting point bf @)w;), 6 (w;)|s) is straightforward

to calculate from Eq. (29)P (6 (w;), 6(w;)|d) is then obtained fronP (6 (w;), 0 (w;)|s) by
including the probability that asrstep random walk o™ results in a net displacement of
d-steps. The result of this calculation is th6 (w;)|0 (w;), d) is Gaussianly distributed
with a mean and variance given by

w(wi,d) = 6(w)p?, (32)

P(0(wi)|0(w))) =

P(O(w))|0(@i), d) = (31)
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o2(wi,d) =1— p%. (33)

Egs. (32) and (33) play an important role in the next section.

6. Optimal search distance
6.1. The firm’s search problem

In order to determine the relationship between search cost and optimal search distance on
a technology landscape, we recast the firm's search problem into the familiar framework of
dynamic programming (Bellman, 1957; Bertsekas, 1976; Sargent, 1987). Recall that each
production recipey; € §2 is associated with a labor efficienéy. Production recipes at
different locations in the technology landscape — and therefore at different distances from
each other — have different Gaussian distributions corresponding to difie¢entd) and
o(w;, d). The firm incurs a search costd), every time it samples a production recipe a
distancel away from the current production recipe. The searcha@$tis a monotonically
increasing function off since more distant production recipes require greater changes to
the current recipe. For simplicity we také&?) = ad (see Eqg. (21)) but arbitrary functional
formsforc(d) are no more difficult to incorporate within our framework. The firm’s problem
is to determine the optimal search distance at which to sample the technology landscape for
improved production recipe$.

To determine the optimal distance at which to search for new production recipes we
begin by denoting the firm’s current labor efficiency pwnd supposing that the firm is
considering sampling at a distangelf F;(#) is the cumulative probability distribution of
efficiencies at distanag, the firm’s expected labor efficiencl(0|d), searching at distance
d is given by

Z o0

E@|d) = —c(d)+ B (zf dF,(0) ~|—/ 9dFd(9)> , (34)
—00 Zz

whereg is the discount factor. It may be the case that this discount factbdspendent

since larger changes in the production recipe would likely require more time but we shall

assume for simplicity that is independent af. The difference in labor efficiencies between

searching at distanekand remaining with the current production recipg(z), is given by

Dy(z) =E@|d) —z=—c(d)—(1-Bz+ ,3/ (0 —2)dFy(0). (35)

D,(z) is a monotonically decreasing functionzivhich crosses zero at(d), determined
by D4(z.(d)) = 0. Forz < z.(d) itis bestto sample a new production recipesinceD, (z)
is positive. Ifz > z.(d) itis best to remain with the current recipgbecauseé, (z) will be
negative and the cost will outweigh the potential gain. The zero-crossing yaklethus

" Note that sinceE[6?] « oo, by assumption, an optimal stopping rule exists for the firm’s search (DeGroot,
1970, Chapter 13).
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plays the role of the firm’'seservation pricdKohn and Shavell, 1974; Bikhchandani and
Sharma, 1996). The reservation price at distahissdetermined from the integral equation

cd)+ A —Pzc(d) = ﬂ/ (d)(9 — ze(d)) dFq(0). (36)

From Eq. (36) it can be seen that, as expected, reservation price decreases with greater
search cost.

The firm’s optimal search strategy on its technology landscape can be characterized
by Pandora’s Rule:if a production recipe at some distance is to be sampled, it should
be a production recipe at the distance with the highest reservation price. The firm should
terminate search and remain with the current production recipe whenever the current labor
efficiency is greater than the reservation price of all distances (a proof of this result is found
in Weitzman, 1979).

6.2. The reservation price for Gaussian efficiencies

In the case where labor efficiencies at distadcare Gaussianly distributed, Eq. (36)
reads as

0 — (i, d))?

c(d) + A - Pz = T

O — z.)exp [— } , (37)

=
Vo), o(wi,d)

B ™ du W+ ze — plwj, d))?
=S cld)+ Q- Bz, = \/E./(; G(wi,d)uexp[— 20 wr.d) } (38)

(For clarity thed dependence of. has been omitted.) Using the definite integral

 du (u —a)? _ a? \/?
/0 Fuexp[— 252 ]_bexp[ 2b2}+a erfc[\/_b} (39)

where erf[] is the error function and erfq = 1 — erf[-] is the complimentary error
function,® we find that the equation determining the reservation price is

w(wi, d) — z¢ erfc [_u(wi, d) — Zc:|

cd)+ @A - Bz 213(

2 V20 (w;, d)
o (w;, d) (w(@i, d) = z0)®
—_— ). 40
M= exp[ 20201, d) D (40)
To simplify the appearance of this equation we write it using the dimensionless variable
_ _H(wi»d)7 (41)
V20 (w;, d)

8 The error function erfx) is defined a$2/ﬁ)f§ exp(—t2) dr and the complimentary error function, etf¢
is defined ag2//m) [° exp(—12) dr.
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in terms of whichz. = /20 (w;, d)8 + w(w;, d). The dimensionless reservation pricis
then determined by

— . - s2
V2cd) + A= P d) _ P (exp[ 8] —8erfc[5]> 21— pys, 42)

o(wi,d) JT
= o d) =p < NG +36 erfc[—a]) — 25, (43)
Defining
Aw;,d) = V2(c(d) + (1= B, ) "
o(w;,d)

the equation which must be solved ®is therefore

exp[—8?]
Jr

The explicitw; andd dependence oA is obtained by plugging Egs. (32) and (33) into
Eq. (44). Eq. (45) is the central equation determining the reservationz(ige Approxi-
mate solutions to this equation are considered in Section 6.3.

The optimal search distana#, is now determined as

A(w;,d) =B ( + 46 erfc[—8]> — 26. (45)

d* = argmax.(d), (46)
d

where thed-dependence of, (d) is implicitly determined by Eq. (45). As a function af
z. is well behaved with a single maximum so tladtis the integer nearest to tldewhich
solvesd z. = 0. We now proceed to find the equation whithsatisfies.

To begin, recall the definition & given in Eq. (41). Taking the derivative ofs yields

daze = V28340 (@i, d) + o (i, d)348) + dapt(wi, d). (47)
The partial derivatives,; u andd o are given by

dq (i, d) = dO(wi)p*, (48)

340 (w;,d) = —2dp?~1, (49)

respectively, and we wish to expreks in terms of these known quantities. Differentiating
Eqg. (45) with respect td yields

_ qA(w;, d)
08 = B erfc[—8] — 2 0)

assumings is notd-dependent). Thug* is determined by
( ing i d-d dent). Thug* is d ined b

N O’adA
0=+2 <83d0 T el =2 2) + . (51)
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Using the definition ofA in Eq. (44) its derivative is easily found as

A = ‘/—éadc + Ma[m - éada. (52)
o o o
Plugging this result in Eq. (51) we find
V20q¢ + V21— B)dap — Adgo
=2($

0 «/_< 340 + et 3] _ 2 + dq e, (53)
which can be rearranged to give

0 = 23,¢ + V2(Bs erfc[—8] — 26 — A)do + B(erfc[—8] — 2)dau. (54)
Finally, we use Eq. (45) to simplify this to

2 2 5

Eadc =,/ — exp[-8°]9y40 + erfc[s]ogu, (55)

T

whered,; u andd o are given in Eq. (49).
6.3. Determination of the reservation price

It is desirable to have an explicit solution fd(implicitly determined by Eq. (45)). To
this end we note some features of the function

2
Ds(8) =B <M + 8erfc[—6]> — 26 — A(w;, d). (56)
JT
Firstly, note that
. lim D4 (8) = oo, Slim Ds(8) = —A (57)

and thatD 4 (8) is monotonic. Thus, there is no solution By (§) = 0 unlessA > 0. If
A < Othenitis always profitable to try new production recipes. This is the case, e.g., when
c(d) is negative and is sufficiently large in magnitude. We assume that the firm is not paid
to try new production recipes and confine ourselves to the dase.

Inthe cased > 1, the solutiors of D4 (§) = Ois large and negative. In this case the term
multiplying g8 is almost zero and to a very good approximation the solutiob ofs) = 0

§=—14, (58)

or z.(d) = —c(d) + Bu(w;i, d). Thed dependence of the reservation price in this limit is
particularly simple

ze(d) = BOp® — ad. (59)

This is maximal ford = 0, corresponding to terminating the search. This result makes
intuitive sense becauseAfis large then either search costs are high and additional sampling
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is too expensive or labor efficiencies are high and it is unlikely to find improved production
recipes. We thus find that there are diminishing returns to search depending upon the firm’s
current location in the technological landscape.

In the opposite limit, 0< A « 1, the solution is a8 large and positive. In this case we
use the asymptotic expansidn

_ e D k4 ) exple?]

erfc[-8] = 2 ST - ns

(60)

k=0

where|R,| < I'(n+3)/8%'*1. Working to third order in 1§ and recalling thaf" (3) = /7
gives the approximate equation

Alwi,d) = 2(8 — 1)8 + _F exp[-82]. (61)

2782

In the special casg = 1, § is determined by

1
52 52] — 62
expp?] TR (62)
which has the solution
5= |w|—t (63)
N 2ymA ]

where W[-] is Lambert'sW function® defined implicitly by W[x]expW[x] = x. For
small A we can use the asymptotic expansidtix) ~ Inx (see Corless et al., 1996) to
write

5~y —In[2v7TAl = |In [W} (64)

6.4. Numerical results

In this section we present results for the optimal search distance as a function of: (i) the
initial labor efficiency of the firm, (ii) the cost of search as represented ioyc(d) = ad,
and (iii) the correlatiorp of the technology landscape. For brevity we will not present the
B dependence but note théat< 1 decreases the optimal search distance.

In appropriate parameter regimes we have used the approximations in Egs. (58) and (61),
elsewhere we have resorted to a numerical solution to Egs. (45) and (55).

Figs. 4 and 5 present the optimal search distaficas a function of the firm’s current
efficiency and the search cost parameter|n regions of parameter space in which the
optimal search distance is zero it is best to terminate the search and not search for more

®The I function is defined by (x) = [~ dt exp[-#]+*~1. For integerx, I'(x) = (x — D).
105ee Corless et al. (1996) for a good introduction to Lambé¥tfinction.
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Fig. 4. Optimal search distane& as a function of the search castand the initial labor efficiency () for a
landscape with correlation coefficient pf= 0.3.

efficient production recipes. We note a number of features paralleling the simulation results
presented in Section 4.2. In general, for low initial efficiencies it is better for the firm to
search for improved production recipes farther away. As search costs increase @.e., as
increases), the additional cost limits optimal search closer to the firm’s current production
recipe. For production recipes which are initially efficient, the advantages of search are
much less pronounced and for high enough initial efficiencies it is best to consider only
single-operation variants. Again, a higher cost of search results in even smaller optimal
search distances.

The effects of landscape correlation (as measureg)lmn optimal search distance are
dramatic. On highly correlated technology landscapes (e.g-,0.9), correlation extends
across large distances and as a result large optimal search distances are obtained (see Fig. 5).
For atechnology landscape with little correlatian 0.3), optimal search distances shrink
(see Fig. 4). Inthe limiting case of a completely uncorrelated technology landgcap@),
all search distances are equivalent since no landscape correlation exists to exploit during
the search.
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Fig. 5. Optimal search distane& as a function of the search castand the initial labor efficiency (w) for a
landscape with correlation coefficient pf= 0.9.

7. Conclusion

In this discussion we have been concerned with the determination of the optimal distance
at which a firm should seek technological improvements in a space of possible technologies.
In our model the firm’s technology is determined by its organizational capital which in turn
is represented by a production recipe whiyseonstituent operations can occugdiscrete
states. Different configurations for a production recipe represent different technologies. Pro-
duction recipes are also characterized by the level of external economies and diseconomies
among the recipe’s operations; the parametareasures the level of “intranalities” of a
production recipe. The distance between any two distinct production recipes in the space of
technological possibilities is naturally determined by the number of operations whose states
need to be changed in order to turn one configuration into another. Our use of production
recipes is related to — but goes beyond — the work on activity analysis by Koopmans
(1951) and Leontief (1953) and the work of Chenery (1949), Smith (1961) and Marsden et
al. (1974) on engineering production functions. As with this previous work, our approach
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grounds the modeling of productive activity on engineering practice but unlike the early
work attempts to provide a sufficient basis for modeling technological evolution.

In order to study how the current location of the firm in the space of technological
possibilities affects the firm’s search for technological improvements, we model the firm’s
search as movement on a “technology landscape”. The locations in the landscape correspond
to different configurations for the firm’s production recipe. Local maxima and minima for
the labor efficiency associated with each production recipe are represented by “peaks” and
“valleys” in the landscape. The “ruggedness” of the landscape is in turn determined by the
landscape’s correlation coefficient,

Our initial investigation about the firm’s optimal search distance involved computational
exploration of theNetechnology landscape. The obtained simulation results prompted the
development of a formal framework in which a technology landscape was incorporated
into a standard dynamics programming model of search. The resulting framework abstracts
away from all landscape detail except the important statistical structure which is captured in
relatively simple probability distributions. As our main result we find that early in the search
for technological improvements, if the initial position is poor or average, it is optimal to
search far away on the technology landscape. As the firm succeeds in finding technological
improvements, however, it is optimal to confine search to a local region of the technology
landscape. Our modeling framework results in an intuitive and satisfying picture of optimal
search as a function of the cost of search (which is itself a function of the distance between
the firm’s currently utilized production recipe and the newly sampled recipe), the firm's
current location on the space of technological possibilities and the correlation structure of
the technology landscape.

The general features of the story told in this paper — that early search can give rise to
dramatic improvements via significant alterations found far away across the space of possi-
bilities but that later search closer to home yields finer and finer twiddling with the details
— suggests a possible application of our model to treat the development of “design types”.
Among the stylized facts accepted by most engineers is the view that, soon after a major
design innovation, improvement occurs by the emergence of dramatic alterations in the
fundamental design. Later, as improvements continue to accumulate, variations settle down
to minor fiddling with design details. We need only to think of the variety of forms of the
early bicycles — big-front-wheel-small-back-wheel, small-front-wheel-big-back-wheel,
various handle-bars — or of the forms of aircraft populating the skies in the early decades
of the century!!

We believe thattechnology landscapes as introduced here can be a useful tool to study firm
behavior. However, much future work clearly remains. Perhaps the most direct extension of
our model would be to treatlandscapes as Markov random fields where the full neighborhood
N1 around any particular configuration is included and results from the study of Markov
random fields can be exploited (see, e.g., Kindermann and Snell, 1980). It would be desirable
to build a model in which the correlatignof the technology landscape arises endogenously
rather than treating it as an external parameter as we have done here.

11 Dyson (1997) estimates that there were literally thousands of aircraft designs flown during the 1920s and 1930s
of which only a few hundred survived to form the basis of modern aviation.
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In this paper we have studied the optimal search distance for a single firm to sample its
technology landscape. But as remarked by Stuart and Podolny (1996), firms do not search in
isolation, rather they search as members of a population of simultaneously searching orga-
nizations. How is the optimal search distance for an individual firm affected by the presence
of other firms exploring the same technology landscape? If the cost of search increases with
distance and optimal search distance decreases with increasing efficiency, how often will
firms get “trapped” in suboptimal procedures or products? Since, in general, the structure
of the technology landscape is only know locally, can a firm search in such a way so as to
optimize both improvements on the landscape and learning about the landscape’s structure
in order to guide further search? These and related questions await further investigation.
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