Finite Abelian Groups

1 Preliminaries

Definition 1. Let Hi, Ho, ..., Hy be subgroups of G. We say that G is the internal direct
product of Hy,..., Hy if the following hold.

1. H; < G, for all H;
2. G=H{Hy---Hy

3. HimHl"'I/{\i"'Hk:{e}
(Hy---H;--- Hy, means the product of all the H'’s except H;)

Lemma 2. Let G be the internal direct product of H1, ..., Hy. Then we have the following.

1. HiNHj; = {e} foralli#j.
2. If g € G, then there exists unique elements h; € H; such that g = hiho - - - h.
3. If h; € H; and hj € Hj, then hlhy = hyhl

Proof. Exercise. U

Theorem 3. If G is the internal direct product of H1, ..., H, then G = Hy X --- Hy.

Proof. “Sketch”

Define ¢ : Hy X --- x H, — G by ¢(hy,...,hx) = hy---hg. Since G = H; - - - Hy, we get onto. By
lemma 2 part 2 we get one-to-one, and finally by lemma 2 part 3 we get that ¢ is a homomorphism.
O

2 Fundamental Theorem of Finite Abelian Groups

Lemma 4. Let G be an abelian group such that |G| = pFa where p is prime and (p,a) = 1. Then
there exists a unique subgroup of order pF.

Proof. By corollary 2.78 (in the revised printing) we know that such a subgroup exists. So let
H < G such that |H| = p*, and let G(p) = {z € G|2*" = e}. By problem #4 we know G(p) < G.
We claim that H = G(p). Let h € H, then h*" = ¢ since |H| = p*. Hence h € G(p), so H C G(p).
Now let g € G(p). So g*" = e. Consider gH € G/H. Since |G/H| = a, o(gH)|a. However
o(gH)| o (g), so o(gH)|p*. So o(gH) = 1 since (a,p) = 1. Therefore gH = H and hence g € H.
Thus G(p) € H and hence H = G(p). Therefore G(p) is the unique subgroup of G of order p*. O

Definition 5. Let G be a group such that |G| = p*a where p is prime and (p,a) = 1. A subgroup
of order p* is called a Sylow p-subgroup of G.



Theorem 6. Let G be a finite abelian group such that |G| = p'fl . 'pfl where each of the p; are

distinct primes. Then G = G(p1) x -+ x G(py).

Proof. We will show that G is the internal direct product of its Sylow p; subgroups and therefore by
Theorem 3 we get our desired result. Firstly, since G is abelian all subgroups are normal, so G(p;) <
G. Next we will show that G = G(p1)G(p2) - - - G(p;). Clearly G(p1)G(p2)---G(p1) € G. More-
over, by homework problem # 3, we have that |G(p1)G(p2) - --G(p)| = |G(p1)||G(p2)| - - - |G(p1)| =
py'ps - -p)' =|G|. Hence G = G(p1)G(pa) - - G(p1)-

Lastly we need to show that G(p;) N G(p1) - - ap\l) --G(p) = {e} for all i € {1,2,...,k}. Fix
i € {1,2,...,k}. Then we can write the order of G as |G| = pFa where (p;,a) = 1. Again

by homework problem # 3, |G(p1)---G(p;)---G(p1)| = a. However, |G(p;)| = p*. Hence
(16 G- Gl IG()]) = 1 and thus G(p) NG(p1) - G(p) -+ G(pi) = {e}. Therefore
G is the internal product of G(p1), ..., G(p;) and hence G is isomorphic to G(p1) x ---x G(p;). O

Note that the above theorem proves that G is isomorphic to the direct product of its Sylow p;-
subgroups. We will now show that each of these Sylow p;-subgroups can be decomposed into cyclic
subgroups. For the following theorem we will be working with a p-group. So |G| = p™. Therefore
all elements in G must have order p/ for some j € Z. Thus G contains an element of maximal
order. That is, there exists a € G such that o(z) < o(a) for all z € G. The proof of the following
theorem is not difficult, however it is very intricate. In other words, none of the steps are difficult,
but there is a lot to keep track of throughout the proof.

Theorem 7. Let G be a finite abelian p-group and a an element of maximal order in G. Then
there is a subgroup H of G such that G = {(a) x H.

Proof. Let a € G be an element of maximal order, say o(a) = p*. Consider all subgroups K
of G such that (a) N K = {e}. Let H be maximal with respect to these subgroups. That is,
if H < K < G, then (a) N K # {e}. Since G is abelian, all subgroups are normal. Moreover,
(a) N H = {e} by definition. Therefore in order to prove that G = (a) x H, we need only show
G=(a)H.

Suppose G # (a)H, then there exists y € G such that y & (a)H. Let 7 = min{m € N|y?" € (a)H}.
Note that by problem #35, yf”lc =ec(a)H,sor < k. Let z = yf”ril. So = ¢ (a)H since r was the

smallest such power. However, 2P = y?" € (a)H. In other words, we have found an element = € G
such that = & (a)H, but 2P € (a)H.

Since aP € (a)H, we have 2P = a%h for some q € Z, h € H. Using problem # 5 again we get the

following.

k—1 1

e=at = @)W = (ath)P" T = q®" Pt

€ H. However a®" "' € (a), hence a®?" " € (a) N H = {e}. Therefore
k-1

k—1 k—1
Hence a?? = h7P

a®?" " = e implies o(a)|gp*~1. Recall o(a) = p*, so p*|qp
Recall that x & (a)H, so xa™® ¢ H. However we have that

implies p|g. So g = ps for some s € Z.

(za Y =a2Pa™P =2Pa™"=he H (1)



Consider K = (xa=*)H. Note that H C K. Moreover za ® € K, but za™* ¢ H, so H # K.
Therefore by the maximality of H, (a) N K # {e}. Let b € (a) N K where b # e. Therefore there
exists t,u € Z and h' € H such that b = a' = (za=%)"“h’.

We claim that p does not divide u. Suppose it does. Then u = pv for some v € Z, so we have the
following.

b= (za *)"h = (za *)P'h = ((xa™*)P)"H
By equation (1), (za=*)P € H. Therefore, ((za=*)?)’h’ € H and thus b € H. Recall that b € (a) as
well, hence b € (a) N H = {e}. This is a contradiction since b # e. Therefore p does not divide u.

Now, since p is prime, (p,u) = 1. So there exists integers w and d such that 1 = pw +ud. Therefore
x = gPrtud — (pP)w (%) but since xP € (a)H, then (xP)” € (a)H. Moreover, a* = (za~*)"*h’, so
% = ata** (W)~ € (a)H. Therefore z € (a)H and this is a contradiction to how = was chosen. Thus
G = (a)H, and hence G is the internal direct product of (a) and H. Therefore G = (a) x H. O

Using the theoerm above we can repeat this process on H to get H = (¢) x H; for some ¢ € H,
Hy < H, etc. Since G is finite, eventually this process will end and consequently will have expressed
G as a direct product of cyclic groups. In other words, any p-group G can be expressed as an internal
direct product of cyclic subgroups. Note, of course, that the order of each of these subgroups is a
power of p. Finally we are able to state (and prove) the Fundamental Theorem of Finite Abelian
Groups.

Theorem 8. (The Fundamental Theorem of Finite Abelian Groups)

Every finite abelian group G is isomorphic to a direct product of cyclic groups of prime power order.
Futhermore, any two such decompositions have the same number of factors of each order.

Proof. Let |G| = plflpé€2 e pfl where each of the p; are distinct primes. By Theorem 6 we get
G = G(p1) X ---G(pr). Then by Theorem 7 each of the G(p;) can be decomposed further such that

G(pi) = Cpm1 X Cpna X+ X Cp’.”i where C, is a cyclic group of order . Therefore we have that G

is isomrophic to a direct produlct of cyclic groups of prime power order.
Finally, the uniqueness of the decomposition follows from problems #6 and 7. O

Definition 9. Consider the decomposition into cyclic groups of a finite abelian group G. In the
decomposition, the orders of the cyclic subgroups are called the elementary divisors of G.

We now want to be able to apply the Fundamental Theorem of Finite Abelian Groups to specific
groups, but let’s first explore the idea in general. Let G be a finite abelian group such that
|G| = plflpé€2 . -pfl. Then the first step is to recognize that G can be decomposed into a product
of its Sylow subgroups, G(p;). Each of these subgroups have order p'fl, pSQ, et pfl respectively.
Furthermore, each of these subgroups can be decomposed into a product of cyclic groups. Let’s
just consider G(p;). Suppose we have the following decomposition.

G(pi) = Cp?1 X Cp?z Xoeee X Cp?t



In the above, we may assume n; > ng > --- > ny. Therefore we have the following:

P =G (py)l
= |Cp?1 X Cp?z X oo X Cp?t|
= [Cyra[|Cpnz| - - |Cpe |
— p:llpzlz . p:lt
— p?1+nz+v~+m

Therefore we see that n; +ng—+---+n; = k;. Therefore the possibilities for the cyclic decomposition
of each Sylow p-subgroup comes from looking at all possible elementary divisors of G(p), which
has order p*. Since each elementary divisor must be a power of p, we can find them by finding
all possible lists of values that sum to k. This idea gives us a method to apply the Fundamental
Theorem of Finite Abelian Groups. Let’s start with a simple example first, that of a p-group. Then
move on to an example in which there is more than one prime involved.

Example 10. Determine all abelian groups, up to isomorphism, of order 16.

|G| =16 = 2%. So k = 4 in this case, therefore we have the following five lists of possiblities.

4

3,1
2,2
2,1,1
1,1,1,1

Therefore there are five possibilites for G. In particular, G must be isomorphic to one of the
following groups:

Lys = I
Loz X Loy = 7ig X Lo
Ligz X Loz = Ly X Ly
Zig2 X Lot X Loy = 7y X Zig X Zo
Zigt X Lot X Lot X Ly = Lo X Lig X Zig X Lo

Example 11. Determine all abelian groups of order 56.

|G| =56 = 23-7. We know that G = G(2) x G(7) where |G(2)| = 2% and |G(7)| = 7. Therefore the
possible exponents for elementary divisors are given by the following lists:

G2)  G(7)
3 1
2,1

1,1,1

Therefore G must be isomorphic to one of the following groups:
Z23 X Z71 = Zg X Z7
Loz X Loy X Zpy = Ty X Lo X Ly
Zigr X Zigy X Zigr X Ly = Lo X Zig X Lo X L7



In the previous two examples, we could have expressed these groups in different ways. For example
using problem #1 below, we see that we could have written Zg X Z7 as Zsg since they are isomorphic.
We could have made similar adjustments in the others as well. In fact, every finite abelian group
is isomorphic to a product of cyclic groups of orders mq, mg, ..., m; where my|msg, mo|ms,...,
my¢—1|my. The values mq, mo, ..., my are called invariant factors of G.

Example 12. Suppose the elementary divisors of a finite abelian group G are 2,2, 22 23,3,3, 3,5, 5°.
Determine the invariant factors of G.

Since we know the elementary divisors, we have the following.

GEZQXZQXZZLXZgXZgXZgXZgXZ5XZ25

To find the invariant factors we arrange our elementary divisors in increasing order, with one row
for each prime.

2 2 22 93
3 3 3
5 52

Now we can rearrange the cyclic factors of G using the columns of this array and problem #1.

G Z2 X (Zg X Zg) X (Z4 X Zg X Z5) X (Zg X Zg X Z25)
G Z2 X ZG X ZGO X ZGOO

So the invariant factors are 2,6, 60, 600.

3 Exercises.

1. Prove that Z, X Zy, = Zpy, if and only if (n,m) = 1.
2. Prove that Z,, X Z,, is cyclic if and only if (n,m) = 1.

3. Let Hy,..., Hy be sugroups of a group G such that (|H;|,|H;|) =1 for alli # j in {1, ..., k}.
Prove that |HiHy - - - Hi| = |H1||H2| - - -|Hg|. (Hint: Induct on k.)

4. Let G be a finite abelian group of order pfa where (p,a) = 1 and let G(p) = {z € G|zP" = e}.
Prove that G(p) < G.

5. Let G be a finite abelian p-group and @ an element of maximal order in G. If o(a) = p*, prove

that 2P° = e for all z € G.
6. Let G1 and G2 be abelian groups of order plflpé€2 e pfl. Prove that G £ G, if and only if

Gl(pi) = Gg(pi) for all i € {1, 2,.. ,l}

7. Letny >ng > --->n,andmy; > mg > --- > mg where ny +no+---+n, = my+mo—+---+msg
and let p be a prime. Let C; be a cyclic subgroup of order t.
Prove that Cyni X Cynay X+ -+ X Cpnr = Cpma X Cpma X -+ - X Cpm, if and only if » = s and
n; = m; for all 7.

8. Find all, up to isomorphism, abelian groups of order



(a) 105
(b) 270
(c) 9801
(d) 320
(e) 44100

9. What is the smallest positive integer n such that

10.

11.

12.

13.

14.

15.

16.

(a) there are two nonisomorphic groups of order n?
(b) there are three nonisomorphic abelian groups of order n?

(c) there are exactly four nonisomorphic abelian groups of order n?

Calculate the number of elements of order 2 and of order 4 in each of the following groups:

There are six abelian groups, up to isomorphism, of order 108. Prove that

(a) two of them have exactly one subgroup of order 3, and
(b) two of them have exactly four subgroups of order 3, and

(c) two of them have exactly 13 subgroups of order 3.
How many abelian groups, up to isomorphism, are there

(a) of order pq, where p and ¢ are distinct primes?

(b) of order pgr, where p, q and r are distinct primes?

Suppose that G is an abelian group of order 120 and that G has exactly three elements of
order 2. Determine the isomorphism class of G.

Suppose that G is an abelian group of order 16 with at least one element of order 8 and at
least two elements of order 2. Determine the isomorphism class of G.

Suppose that G is an abelian group of order 16 and that a,b € G with o(a) = o(b) = 4 and
a® # b%. Determine the isomorphism class of G.

Let G = U(Z1s) = {[1], [3], [5], [7], [9], [11], [13], [15]}. Recall that this is a group with respect
to multiplication.

(a) Determine the isomorphism class of G.

(b) Write G as an internal direct product of cyclic groups.



