Solutions — §2.3

21. Prove that A = [ i b ] is nonsingular if and only if ad — be # 0. If this condition holds, show that
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Proof. We need to prove that if A is nonsingular, then ad —bc # 0. We also need to prove that if ad —bec # 0,
then A is nonsingular.

Part 1 — Assume A is nonsingular, then A must be row equivalent to Is. Let’s perform elementary row
operations on A.
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Since the resulting matrix must be row equivalent to the identity, the bottom row cannot be all zeros.
Therefore ad — be # 0.
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Part 2 — Assume ad — be # 0. Since this quantity is non-zero, the matrix | 247%¢ 947% | i defined. By
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multiplying A with this matrix we can see that we get the identity.
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Therefore the above matrix is A~!, so A is nonsingular. O



