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Definition:

A sequence { a n } is a Cauchy sequence 
(
(( (  0, 
( N
such that

                                                                                   m, n   > N
( 
| am – an | < (
Theorem1: 

If  a sequence { a n } converges,  Then
(( (  0, 
( N
such that

                                                                                   m, n   > N
( 
| am – an | < (
Proof:

*
We need to prove:

 (( (  0, 
( N
such that
m, n   > N
( 
| am – an | < (
· A sequence { a n } converges to L,  Then 
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(( (  0, ( N
such that       n   > N
  ( 
| an – L | < 
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· Therefore if n  (  N and  m  (  N, then:

| am -   an |
=
|  am   - a  +  a -  an  |

(
|  am   - a  |  +  |   a -  an  |

(

[image: image4.wmf]2

e

 + 
[image: image5.wmf]2

e


=
(
Therefore: If  a sequence { a n } converges,  Then
(( (  0, 
( N
such that

                                                                               m, n   > N  
( 
| am – an | < (.

or If  a sequence { a n } converges,  Then{ a n } is a Cauchy Sequence.

Q.E.D.
Theorem 2

A sequence { a n } is a Cauchy sequence (  A sequence { a n } is a bounded sequence

Proof:

* We need to prove: | an |  (  M    for n  ( N.

· A sequence { a n } is a Cauchy sequence 
(
(( (  0, ( N
such that

                                                                                   m, n   > N
( 
| a m – a n | < (
· Let ( = 1, and m = N, then :


n  (  N
   
( 
| a N – a n | < 1

So 
| an |  
=   
|  a n  - a N  +  a N  |



(
|  a n  - a N   |  + |  a N  |

· 1+ |  a N  |

Let M = Max { |  a 1  |, |  a 2  | , .. ,  |  a N-1  |, 1+ |  a N  | }

hence 
| an |  
(   
M

Therefore, a sequence { a n } is a bounded by M.

Therefore,

 A sequence { a n } is a Cauchy sequence (  A sequence { a n } is a bounded sequence.












Q.E.D.

Theorem 3

A sequence { a n } is a Cauchy sequence (  A sequence { a n } is a convergent sequence

Proof:

* We need to prove:
 (( (  0, 
( N
such that       n   > N
  ( 
| an – L | < 
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· By Bolzano- Weierstrass Theorem:

Every bounded real sequence has a convergent subsequence.

Then:

 { a n } is a Cauchy sequence
(   { a n } is a bounded sequence

(   { a n } has a convergent subsequence 
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(( (  0, ( N1, then   n > N
( | an – L | < 
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· { a n } is a Cauchy sequence   (
(( (  0, ( N2 then   n > N
( | an – am < 
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· Therefore,       | an – L |
=
| an  -   am   +  am  – L |
(
| an  -   am  |  +   am  – L |

(
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Let N = max {  N1, N2 }
Therefore: (( (  0, 
( N
such that       n   > N
  ( 
| an – L | < 
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A sequence { a n } is a Cauchy sequence (  A sequence { a n } is a convergent sequence












Q.E.D

Definition:

A sequence { a n } is a Cauchy sequence 
(
(( (  0, 
( N
such that

(      { a n } is in metric space          )                            m, n   > N
(   d (am , an )  <  (
Theorem1: 

If  a sequence { a n } converges,  Then  a  sequence { a n } is a Cauchy sequence.

Proof:

*
We need to prove:

 (( (  0, 
( N
such that
m, n   > N
(
   d (am , an )  <  (
· A sequence { a n } converges to L,  Then 
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m   > N
 (   
d (an , L )  <  
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· For m. n  > N



d (am , an )  
(
d (am , L )  + d (an , L )  


<
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Therefore, (( (  0, 
( N
such that
m, n   > N
(
   d (am , an )  <  (.

Thus, If  a sequence { a n } converges,  Then  a  sequence { a n } is a Cauchy sequence.
























Q.E.D.

Theorem 2

A sequence { a n } is a Cauchy sequence (  A sequence { a n } is a bounded sequence.

Proof:

* We need to prove: | an |  (  M    for n  ( N.

· A sequence { a n } is a Cauchy sequence 
(
(( (  0,     ( N
        such that

                                                                                   m, n   > N
(       d (am , an )  <  (
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