TERMINOLOGY FOR ARITHMETIC OPERATIONS IN ANCIENT GREEK

Geometry was the soul of ancient Greek mathematics.
Archimedes and Apollonius gained fame with geometrical
constructions; Euclid is still known to high-school students
because of his exposition of geometry. From the second century
B.C., however, there was a shift of interest from strictly
geometrical problems to trigonometry, spherics, and numerical
methods, i.e. the mathematics necessary for astronomy. {note)
{This shift of interest noted by Knorr Problems 340.)} These
lines of investigation prompted by this shift of interest made
ancient astronomy’s precise description of the universe
possible, precise not in its description of the universe’s
size and shape--which description was not in fact correct--but
in its quite accurate predictions of solar, lunar, and
planetary positions.

Now, ancient geometry is quite well known, ancient
numerical methods (which I will hereafter call arithmetic) {note)}
{note -In ancient texts "arithmetic" means number theory;

I am discussing what was called "logistics.")

less so. This paper will attempt to elucidate the basic style
and terminology of ancient Greek arithmetic.® Further
investigation would trace the undoubted ties between near
eastern mathematics, as seen on the cuneiform tablets, and
later Greek mathematics and astronomy, the use of numbers in
daily life (as opposed, for exémple, to the use of the
abacus), and the development of specialized methods in the
professions, such as surveying, astronomy, mensuration, and so

on.

With rare exceptions, no Greek mathematical writer used
formulas or equations; most preferred to describe mathematical
operations, even the simplest, in words.? This peculiarity
alone, even ignoring the primarily geometrical orientation of
ancient mathematical texts, makes the text of an ancient
author read very differently from a modern mathematical text.
What is today translated as a series of equations leading to a
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solution was in fact written as a narrative paragraph.® In
this narrative style of exposition, the particular sense of
each word used for the various operations (and in this paper I
will deal solely with the arithmetic operations: counting,
addition, subtraction, multiplication, division) must be very
clear. There are in fact more words in ancient Greek for these
operations than there are symbols in modern notation (+ - x
=~), and each word is used in a slightly different sense. For
example, as illustrated below, different words are used for 1)
adding two independent numbers, 2) for adding a factor to a
previously calculated number, and 3) for finding the grand
total of a list of numbers. Moreover, different genres of
mathematical writing adopt different sets of words: the usages
of Euclidean geometry controlled the vocabulary of Theon of
Smyrna (as it did the vocabulafy of the philosophical
commentators), while the usage of surveyors controlled
Heron’s. Vettius Valens is in a class by himself: the
astronomers and astrologers, with their constant manipulations
of charts and tables, had developed their own usages. In any
event, this paper simply aims to list the terms commonly used
for each of the operations mentioned above; to explicate their
derivation and range of meaning, if any problems seem to arise
from the use of the term; then to site the term in its
mathematical context.

One question that may certainly arise: how many texts
can there be which explicitly describe arithmetic operations,
e.g. which tell in words how to add or multiply two
quantities? There are in fact some: learners’ manuals for
astrology, astronomy, and mensuration, plus some texts of
similar nature found among the Egyptian papyri.* These
texts--Vettius Valens’ Anthologiae and the voluminous works

of Heron are the best examples extant--—-aim to instruct the
learner in the mysteries of multiplication and division, the

use of tables and charts. Theon of Alexandria’s Commentary on

the Almagest and his Short Commentary on the Handy Tables
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perform a similar function for students of astronomy, Heron’s
Metrica for students of mensuration. My interest was piqued
during a study of Vettius Valens’ peculiar usages, and I hope
to have elucidated obscurities in his text by comparisons with

the usages of others.

I begin with the terms for "to count" including

AVATPEYW ATOAVW. . . KATAANYO/KATHUVTHO
APLORE® EKBAAN®
yndile/epdnoilo

xvaTpéxw "to count back" as in the following passage from Vettius
Valens 51.35-7K:
TaUTHG €V apEA® &mO TOU peyioTou Gpov Tov omn’, loimal com’
TaUTog gvadpoapdy &mo TH¢ yevvn[pa]Tikfs Opxs Ynpicac ThHv
ZeAUNV eUpNOELE ETL TOU KaTX EKTPOTNV OPOCKOTOU.
"If I subtract this [10] from the maximum factor, 288, then
278 is left. If you count this amount back from the hour of

birth and calculate the moon’s.position, you will find the
Ascendant of the delivery."{footnote}

xToAVe "to count off" followed by kaTadnye "to stop counting." This
usage seems to be confined to Vettius Valens; Theon of
Alexandria uses amoAUo...KaTaVT&w in exactly the same sense
(Short Comm. 20.9).
Vettius Valens 310.3-5K:

ceoKOL &G ETMEYEL O “HALoc poipac ke’ kal &S ETMEYEL T JEAAV
X poip X n nvy

L/

, YivovTar vé' . TalTag &moAU® &m0 ToU ceAnuiakod LeSiov kal
kaTaAnyet Talpy poipxis k8, afc mapakerTar Koapxivog:

"...and the position of the sun, 25°, plus that of the moon,
10°, for a total of 54°. I count this amount off from the

moon’s sign and [the count] stops at Taurus 24°, at which

position [in the chart] is Cancer."

xpLBpéw has the sense "to discover what some unknown number is." Two
examples illustrating this use: Vettius Valens 145.32-146.1:
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Skomelv SefoeL, MOTeEpPoV OUVOSLKT €0TLV T YEVEOLE T V-
CENMVLOKT, Kol €&V REV ouvodLkT €UpeBY), XPLORELV TG POLPXS

&m0 TNC ouvddou EML TNV KaT EKTPOTAV ZeANUNV Kol Tk Low
amOAVELY &TO TOU GpookOTou KaTk TO €£fG.

"It will be necessary to see if the nativity is at the full-moon
or new-moon, and if it is found to be at the new-moon, count

the degrees from the [position of the] new-moon to [the position
of] the moon at the delivery; then count off an equal amount
from the Ascendant in the direction of diurnal motion."

Note that in this example, apL8péw is used for the count to
determine the unknown number of degrees between the position

of the new-moon which immediately preceded the infant’s birth
and the moon’s position at the birth itself, while amoAvo

refers to the counting off of this same--now known--number

from a given point to a given point.

Vettius Valens 153.1-3:

. €miyvovTag, €v molw {@8ly yeéyovev N ouvodoc T 1T TaVOoEATVOS,
GpLORELY &TWO TTS «UTAG polpas kaTk TO €fN¢c €ws avapPipalovTos. ..
"having determined in which sign the new- or full-moon occurred,
count from that same degree, in the direction of proper motion,
to the Ascending Node..." The astrologer needed to determine
the distance between the sign and the Node; he is finding

an unknown.

An example from Heron of Alexandria, de mensuris 24.1.4-6:

TV pello mepidpépeLtav kol TRV EANdoow oUppLiov: yilvovTaL modeg

PR Ov TO fpiov: ylvovTaL moSec O. NPLOUNOXUEV T& PBEBpa TOU

BexTpou Kol €eVpapev BvTa «UTE p' TOANUTAXOLXOOV TOUG p €Tl

Toug 0 ylvovTaLr wodes {* ToooUTOUS &vSpug Ywpel TO BéwTpov,
TOUTECOTLY C.

"Combine [=add] the greater and the lesser circumference; total
140. Take one-half; result 70. We measured [literally counted]
the depth of the theater and we found it to be 100. Multiply
100 by 70; result 7000 feet. The theater holds that many men,
i.e. 7000."
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In Heron as well, apt6péw is used for counting to determine an

unknown.

€kBaAlw "to start, then continue, counting" (also SiekPaAro in

ynoilo

Vettius Valens). The basic mathematical sense of this word is
"to extend, produce", as in the 23rd Definition of Euclid
(Mugler 166; mapaTelve is also used in this sense):

NMapaxAAnAol elotv evBelot, alTLVveES €V TQ aUTQ émimeédy olooL kol

EkBadopeval elg dmeLpov €d’ ExkTepo T PEPT €mL pndETepw

CURTLTTOUO LY GAANAXLG.
"Parallel lines are straight lines which, being in the same

plane and being produced indefinitely in either direction, do

not meet each other in either direction." The word is also
used for producing a plane: Pappus, Collectio III 134.43ff and
passim.

This usage was applied to counting in the sense "continue the
count until you get to..." Vettius Valens 204.25-7K:

co.pépile ele TOV P’ kol T KaTahelpBEVTa EkBulle &mO TTS
SedMyne TNS KaTh YEveoLy kal €kaoTy (Sle pioav YAdov §uLdolc
&m0 ToU kekAnpopévou (@Siou Tov pRve SrékBadle. kol omou Sdv
KETAVUTNOT O &PLOWOG. . .

"...divide by 12. Count the remainder off from the moon’s

position at the nativity and giving 1° to each sign, count off
from the sign which controls the month. Wherever the count

stops..."

"to count," money, votes, or other concrete objects, as in the

following passage from Plutarch’s Con. Praec. l1l41lc:

Maivv 1 “OAupmiés, aUALkoU TLVOS veaviokou YARXVTOG EVUTPETT
yuvatlka kak®s akovovoav, "oUtog," elmev, "olk €xeL AoyLopov:
oV y&p &V Tol¢ OdpBalpolc Eymue. " Setl && pn Tolc Jppao. yapelv

pnée Tolg SakTUNoig, Womep €vior YnbicuvTeg mooo ¢épovcov

AXPBAVOUOLY, 00U KPLVAVTEC TS CUMPLOOOREVTV.
"Olympias [Alexander the Great’s mother] said on hearing that
a young fluteplayer had married a beautiful woman of bad

reputation: ‘This makes no sense; he didn’t marry with his
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eyes.’ One must marry not with the eyes or the fingers--as
some are said to, counting how much they will get in the
dowry, but not calculating how they will live together."

P.Wisc. 2. 78 rp.r.4.132ff:

kel €l ool dokel Yndilowg TadTe O0TMwe &V ocUMBolx AaPopev: el §¢
P ypadac Claocovi Omeg av Ta cURBoAx MRLv. ..

"... and if this is satisfactory to you, count this [sum] out

so that we might get a receipt; if it isn’t, write to Jason so

that [he might get] the receipt for us."

"To count units of measure" in the following (a xesta=the Roman
sextarius=a pint; modius=a peck):

Heron, Fradgmenta 22.1.10-12:

.. .QVAAUOOV TOUG podiovs e€lg £éoTag, kol Yndioov TOV pédiov

ToU oiLTov kaTx & f€oTug:

", ..break the modius down into xestae and count the modius

of grain as 4 xestae."

Occasionally ynoi{w means "to calculate" as in Vettius Valens
53.10-12K (but even here Valens means "to count off entries in
a table):

AupBave THYTOTE TOV TPO THG YEVEDEWS EVLAUTOV Kol TOV pfve TOV
YEVUNTLKOV Kol THV fRéEpav, kal Yndile Tv Seinvnr: kol
EmMLyvoug, €v molw {@Sly €UpEBT, OMMELOUPXL.

"I take the year before the nativity and the birth month and
the day [i.e. the birth date in the year before the actual
birth] and I calculate the moon [=look up its position in

a table)]; I make a note of the sign in which it is found."

éuyneilew is found in a sense parallel to ékBaAle "to count": évyfoile

de Tag poipag €wg €NBTc "Count off the degrees until you come
to..." (P.Mich. 149 vii 6-7)

The results of counting or of the other operations are usually
expressed by the following term:
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yiveTaL/ylvovTaL "equals"; this is a very common usage (Mugler 103);
examples can be found under amoAUw above or mpooclapBave below.
Sometimes the word occurs with elc: «l &pa k’ polput ylvovTut

el¢ pupiag «’ §’. "Therefore 20° equals 14,000 stades" (Heron
Dioptra 35.69).

I continue with the words for "to add" including

Kol OUVGEYW/ETLOVVAY®
TPOORAAANG cUvolov
TpooAapBave ouVTLETL

TPOOTLOTWL

OUPPE LYVURLL

If a word for addition is not used, simple juxtaposition
can indicate addition. (It can also indicate multiplication;

see below.) There was no plus sign in Greek arithmetic.

Kol "and" as in English "two and two are four." This usage does not
seem common, perhaps because most surviving texts are not at
such an elementary level. One, however, is: Wirzburg K 1013
comprises a group of five wax tablets. Tablet 2, side B, and

tablet 3, side B, contain simple addition practice:

translation
n Kl o« 8 8 and 1, 9
o Kl 1 8 1 and 8, 9
8 kal P L 9 and 2, 11
B kol 8 L 2 and 9, 11

and so on. The editor of this text suggests that the tablets
come from a mixed Coptic-Greek milieu; perhaps this exercise
was for writing, rather than arithmetic, practice; since the
letters are also numbers, learning the alphabet also implied
learning the digits. {}

mpooBaAiw "to add a factor." In geometry this word means "to construct
a line from a given point to another point/line": Euclid Data
94: St TE ToU A mpog TOV KUKAOV TPOOPREPANOB0® TLE TuyoUow

N OA - "Let a line DA be constructed through D to the circle."
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See Mugler 364.

An example of the arithmetic meaning in Heron Geometrica 22.16:

KUkAou Tnv TepipeTpov eupetv. TNV SLARETPOV TPLTAXACLAOOV Kal
mpéoBare TO (/7 TH¢ SLapéTpou’ kal €FeLc THY TMEPLPETpoOV.

"To find the perimeter of a circle: multiply the diameter

by three and add 1/7 of the diameter. You will have the perimeter."

Two examples from Vettius Valens, 20.24-28 and 31.14-16:

TATO TAc ke’ ToU TEmidl Ewg TS yevvnTikfs MREpas YnpLoov T&S
NUEPUS OUV Tale EMXYOpEVaLG Kal TpooBadle T &pLBMY MHolpag kP’
Kl GTOAVE TOV apLOpov ava N , Mpépos pev amd Kapkivov, vukTOg
de¢ amo AlyoképwTog.

"Count the days (including the- intercalary days) from Epiphi
25 until the day of birth and add to this number 22°; count
this number off by 30’s, starting at Cancer for day births,

at Capricorn for night births."

Elpov Je kat €év molw L@die 7 2eAfun amd XeLpOds OUTWS. EKKOTOU
BuoLAEws TNV TpooBecty TY {NToupévy E€TeL TPooBadwv pepioetg

el TOV y' pn NoLmoypuddv TOV &PLBROV GANX KXTEYWV:

"Handily find in which sign the moon is located thus: add

the addition-factor for each emperor to the year in question;
divide by 3, not discarding the remainder, but keeping it."{note}

In each of these examples, mpooBailw refers, not to the adding
of any two numbers during the course of a calculation, but

to the addition of a specific adjustment factor. A parallel
from trade and commerce: )

P.Prag.Varcl 1.8:

Eipnvatoc ‘Hpovive 79 aderdd yaipeiv. mapérafov kol viv SLi
‘Exvoewg dvnA(aTov) [&]Ahe Siyw[pla 0kTh, §i(yopa) 8. &v fEwg
€xNs, TpooPale avUTolc, Emel yphlopev aUTOV. éppdoBuai oc

€Uy (opxt). 6 (€Tovus) OQapevws 28.

"Eirenaios to his brother Heronios greetings: I just received

via Hekysis the muledriver another eight dichora (di. 8) [of

wine]. if you please, send more in addition [=add to them],
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since we need them. I pray that you are well. Year 6,
Phamenoth 28."

mpooAapBave "to assign"; "to be added"Mugler 365; an example from

Euclid Elements 13.1:

"Exv eUBela ypappn &kpov kat pECOV AOyov TunBf, To peilov
TUARK TpoodaPov THV NRiceiav TR 8Ane mevTamAaotov SUvaTaL TOU
&TO THS MRLoelag TETPRYOVOU.

"If a straight line is cut in extreme and mean ratio, the
square on the greater segment, with one-half of the whole

added to it, is equal to five times the square on the half."

Vettius Valens 34.17 (with corrected reading):

TOV &pLBRov SimAwoov, kxl EK&OTOU PNVo¢ TpPooAwBov ava B’ fpiou. ..

"Double the number and add 2 1/2 [=assign at the rate of 2
1/2] for each month..."

Diophantus Arith. 4.18 (ed. Taﬁnery i.226.2ff):

Evpelv 8Uo apLBpole, O0mwe O &mO ToU TpdTOU KUBOS TMPOTAxBOV

Tov SelUTepov ToLf] kUBov...

"To find two numbers such that the cube of the first added

to the second shall make a cube..." (translation I. Thomas)
The parallel with Euclid may have influenced Diophantus to use

this particular word here and in similar propositions.

mpooTiBTUL "to add," one of the two customary words for ordinary

addition, used for the addition of geometrical quantities
and in number theory (Mugler 367). Contrast the uses of
cuVTLBTKL below.

The word as a technical term of mathematics in Plato R.P.
527a:
Aeyouor pév mou palx YEAOL®S TE KAl GUXYKXLWOS® O yxp

TPATTOVTEG Te Kal TPaEews EVeEKn TAVTXG TOUG AOYOUG TOLOUREVOL

AeyouoLv TeTpaywvilelv Te kol TAPXTELVELY Kul TPOOTLOEVXL Kol

VT 0UTWO $BeyyopevoL, TO 8 E€O0TL TOU AV TO HABTHX YVQOOEOS
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€veko eémiTndevopevov.

"For they (geometers) speak in a most silly and restricted
way, when in their teaching activities they claim to have some
practical end in view--speaking of "squaring" and "producing"
and "adding" and so on, whereas in fact the entire study is
carried on for the sake of knowledge."

Theon of Smyrna de utilitate 33.5-10:

TPOTN REV T povas . ..THs e €ffc avTy Suadog mMpocTeBeiong

/.

ylveTaL Tpiyovos 6 y' *© elTa mpdoBes y', yilveTwL ¢ elta

7 . 7 .

mpocBes &, yilvovTaL L elTa mpooBeES €', ylvovTaL LE eTTo
mpooBes ¢/, ylvovTaL ko’ °

"First is the monad...When the succeeding duad is added to it,
the triangle, 3, results. Next add 3, for a result of 6; next
add 4, for a result of 10; next add 5, for a result of 15;

next add 6, for a result of 21..."

Pappus, Collection III 78.1:

opoiwg Se xav ail Z,[ So8doLv, TNV UTepoxnv alTAV TPOOBEVTES
T Z Tnv yevopévnv €fopev lonv TH AB.

"Similarly, when Z and G are given, if their differences are
added to Z, we will have the resulting [line] equal to AB."

Pappus, Collectio VIII 1066.27 (a section on calculating the
mechanical advantage of gear trains):

Exv &px €V aUTOV TPOOBOUEV OALyov TL P&pos, kaTuppéPel Kol
EVEYBNOETLL.

"If we add a small weight to one of the [sides], it will sink
and incline."

cuppelyvupt "to commingle" hence "to add", with reference to adding a

group (more than 2) of previously given or calculated figures.

Vettius Valens 215.5-8K:
Kal TG &md TAS YeVECEWS €wc TNG (mMToupévne fuépac

CUVayayOovTee kal Toale TpoTépuls EmiLovppifavTeg ékkpoUopev
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Swdekadug, TG S& TePLAELTOLEVAS ATOAUOWEV &TWO TOU OPOOKOTOU
ave plav exeoTe (@dly SudovTes.

"Determine the days from the date of birth to the day in
question and add this figure to the previous [figures]; divide
by 12 and count off the remainder from the Ascendant, giving 1
to each sign."

Heron de mensuris 59.1.1-4:

Xopav e€TepomAaToloav €v TECOXPOLY TOTMOLG HETPNOWRLEV OUTWG:

EXeEL TO TA&TOC GKkalvag k, TOo 8& Topk pécov akxivag LE, ETL
akelvag LB, TO 8e oTevov akalvag 71 To mavTe guppifoag pepile
TETAPTOV' Kol e€uUpfoels Uy fpuiov 8. TolTouc WaAiLv émi TO

KAKOS* Kal €UpfoeLs TRV &AfBeLav. 1 dkouivo €xet moSag LUP.

"We measure an area of breadth which varies in four places

as follows: the width [at one end] is 20 akainai, in the middle
is 15 akainai, at another place 12 akainai, the narrow end

is 8 akainai. Add all these and divide by four; you will

find it to be 13 1/2 1/4 [=13 3/4]. Multiply this by the length
and you will discover the truth. (The akaina contains 12 feet.)"
A similar usage is found in de mensuris 24.1.4-6 quoted above,
p. 00.

or eémiouvvayw "to get a total by addition or a result by
multiplication"; the participle refers to "the calculated
result" (Mugler 395-6). Typically this word is not used for
the operations of addition or multiplication, but in the sense
"the result is..." equivalent to ylveTu. (see above). The noun
is eémiovvaywyn, although I have found this usage only in Theon
of Alexandria (Short Comm. on the Handy Tables 208.9).

Vettius Valens 24.9-11:

ETEl €V TQ TPOTY KAlLpxTL &md Kapkivou €wc TofdTou guvayovTal

avabopal oL/, TO EKTOV ylveTaL Ae’ * év ToUToLg 0 Aéowv
XVEVEYBNOETHL.

"Since in the first klima there is a total of 210 rising times

from Cancer to Sagittarius, one-sixth of this is 35. Leo will
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rise in this [time]." Note that this passage refers to the
simple addition of rising times, with the total of 210.

Vettius Valens 31.29-32.2:
€xv ykp TO amo ‘HAlov €ws Zelqume SiaoTnpe mAeovaly, €k ToUTwv

xberels TOV TPOTOV CUVAYBEVTX &pLOUOV, kol ol KeTeNELTOREVXL

TNV fpépav SNAGOOVOLY.

"If [the figure for] the distance from the sun to the moon is
greater, subtract it from the number that was calculated
first, and the result will indicate the day."

Heron Alexandrinus, Liber Geeponicus 168.1-3 (on finding the

area of a triangle):

"ANwe Se maALv. TRV TAevpav éd’ EauTAY, kol TAC PAOEWS TO

<s

> ? < 1 < > A ~ ’ A ~
Loy €d’ €xuTO® UbeEAe AMO TOV CUVAYBEVTOV, KL TOV

KXTAAELHBEVTWY TOLEL TAEUPXV TETPAYWVLKNV® €O0TaL T KXBETOG.
"Another way [to find the area’'of an isosceles triangle]:
(Multiply] the side by itself, then one-half of the base by
itself; subtract [the latter] from the previously calculated

number and take the square root of the result. This will be
the altitude."

Theon of Alexandria, Short Commentary 213.13-214.2 (on

converting seasonal hours to equinoctial [=clock] hours):
Kei ToUg¢ mapukelpévous avTols...opLraiovs yxpovous Le &’
TOAMNTAACLUOAVTEG ETL TG &VxS0BELOXG KXLPLKES Opus &MO

peonupplog €', ToUc guvayBévTas Ypovous oc’ ke  peploavTeg

Tapx ToUC THC WIS Hpag LOMUEPLVTS XpOvVOUS Le', TS YEVOREVXS
€Kk ToU pepLopol Ypag €’ L' EyyioTa éfopev dowl TOTe yeydvaoLv
bpxt lompepival ol SoBeloat MEVTE KoiLpLKai.

"We multiply the hourly ‘times’ entered [in the table at the
sun’s true position], i.e. 15;17, by the 5 seasonal hours
after noon which we were given. We divide the resulting times,
76:;25, by the 15 times of an equinoctial hour, and we have as
the result of the division approximately 5 1/10 hours, which
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are the equinoctial hours equivalent to the given five

seasonal hours."
cuvolov "the total" of principal plus interest; P.Mich. 145 III vii 1.
ouUVTLBMUL Or €émLouvTiOMKL "to combine,” "to add"; the noun is cUvBeots.
This is the customary word for "addition" with reference to
digits or numerical quantities (Mugler 403-4).
P.Mich. 144.3: ouvBeg¢ T& 7 xoal T& T7m "add 3 and 18"
Vettius Valens 296.6-9:

ket édpeffjc ava LB’ TPoOoTLBEVTES eUpfooper ToU €fNc Lwdiov

TRUTHS ToHPUKELREVHG TT o poLpy: ol¢ EMLOVVOEVTEG TiS LB’ Kal

AovTee ocuvdéopous TH TOV L8 poLpdr guvBECeEL ONoV TO Opyxvov
oupmfEopev.

"Adding 12 to each sign in order, we will find the [correct]
figure to be entered next to the first degree of each sign.
Then by adding 12 and breaking the sequence with the addition

of 14°, we will construct the entire table."

Heron Metrica 1.6.16-19 (findiﬁg the area of a triangle when
three sides are given; here 11, 13, 20):

LT Ly €7 ExuTh ylyveTatr pEO- kal TX Lx €D’ EXUTH' YLYVETAL
pKa® Kot T& K €P° EXUTE' ylyveTwL v. ouUvBec T& pfB kol Ta pKo-
ylyveTtar o9 ToUTa &pele &m0 TOV v' AoLT& pL. ToUTWV TO TULOU®
ylyveTaL ve. Toap&Pare Toapk TOV Lo yLyVEToL €. Kal Tk Ly é¢’
"...13 times itself gives 169, and 11 times itself gives 121,
and 20 times itself gives 400. Add 169 plus 121; result 290.
Subtract this from 400; result 110. Take one-half of this;
result 55. Divide by 11; result 5..."

In a school text--P.Vindob. G 26740, accompanied by a drawing:*
(*Cited in Harrauer-Sijepsteijn 169-70)
€0T® pnUriokog, oU 7 QeEv €KTOG TMepPLUETPOS OYoLviev T, 1 S€

EVTOG OXOLViwy UP. P&oig oyoiviev B. moowv &poupdv €o0TLv;
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@ Sel moifjoxi. ouvBeg Tac SUo MepLpéTpous, yelveToL XP...
"Let there be a half-moon shape, whose outer perimeter is
10 schoinia, inner perimeter is 12, and base is 2. How many
arouras is it? How one must do it: add the two perimeters:;
result 22..."

Theon of Smyrna de utilitate 27.7-10:

yevvovTat 8e SLy0c, €k Te TMOAUTAXCLXOROU Kol EMLOUVBECEWS. €K

REV ETMLOVVBECEWG Ol &pTLOL TOolg €defflc EMLOVVTLBEREVOL TOUG

XTOYEVVWREVOUG TOLOUCLY ETEPORMKELG.

"This [the production of rectagular numbers] happens in two
ways, by multiplication and by addition. By addition, the even
numbers, when added to the succeeding numbers, make the

resulting numbers rectangular."

[summary about the words for adding.]

I continue with the words for "to subtract" including «ipo,
apuLpeEWw, €KKPOU®, AapPave &mo, Aoimog, udaipéw. The most

common is a¢xiLpéw. This word is also used in expressions
meaning "to divide"; see below. The noun for the subtraction

of geometrical quantities or digits is adxipeoic (Mugler 89-90).

Euclid, Common Notions 3:

Kel éxv tooig Tox mpooTedqy, Ta OAx €oTiv lowx. Kol é&v amd towv
looa adaulLpeB, T& KaxTaxAelTOpeva E0TLY Low.
"If equals are added to equals, the wholes are equal. And

if equals are subtracted from equals, the remainders are equal."

Vettius Valens 26.3-5

€ENaBov amo TN SiapeTpovone Tov “HAiov polpuc AéovTog kB’ €wg
TS ceAnrinkfsc: yivovTtaL o€’ . elolv oUv SwSekaTnpuopia ¢,
xTive abatpd amo TR ToU AéovToc poipas kB’ * loimal ¢/, év
xle yéyovev f| mavoéAnvog.

"I took [the distance] from the degree in opposition to the
sun--Leo 22° --to the moon’s [position]; result 75°. This then

is 6 dodecatemoria; I subtract this amount from Leo 22°. The
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result is [Leo] 16°, the position of the [preceding] full
moon."

Heron, Liber Geeponicus 82.1-7

"EoTo xoUme kol €YETO TNV k&Tw StapeTtpov wolov €, ThHv Se ave

modov y’, TO Se UPog WodoOv 1 © kal €YETW TOV olvov €wg modev
¢/ Tmoow oUV KEPARLX YWPTOEL; TOL® 0UTWS: adaipd T& y' O&WO TOV
€+ Nowmov B’ TaUTa €WL Tx ¢’ ylvovTtwir LB’ ToUTwv TO T

ylvovTatr o Tuiov: kel abxtpd TNV o TpLou amo TOV €' ' AoLmov

y’ TRLOU® ECTaL OUV TO TAXTOG €WG OTOU O olvog aveéPuive modov

y’ TpLov.

"TL,et there be a vat and let its lower diameter be 5 feet, its
upper diameter 3 feet, and its height 8 feet. Let it contain
wine to a depth of 6 feet. How many keramia will it hold? I
calculate thus: I subtract 3 from 5; 2 is left. This figure
times 6 gives 12. One-eighth of this gives 1 1/2. I also
subtract this 1 1/2 from 5; 3 1/2 is left. Therefore the width
to which the surface of the wine extends is 3 1/2 feet." (The

calculation continues.)

Vettius Valens 22.23-5P

‘

ekaoTov Se {pSiov moOoTV TPOoBeEoLY T adxlpeciv avadoprs EXEL,
0UTwG yvwoTéov. émet 0 KpiLog avadéepeTat €v k', 0 Zuyog €v
/7

B ele oupmAfpectLy TOV £ ...

"One must calculate thus to determine what the addition or

subtraction factor for the rising time of each sign is: since

Aries rises in 20 and Libra in 40 for a total of 60..."

xlpe "to subtract," an uncommon usage based on the meaning "away with
it/him", best illustrated from the Gospel of John 19:15:
EkpouUynowy oUv éxketvol, ~Apov &pov, OTxUPWOOV xUTOV.
"Then they shouted: ‘Away, away; crucify him!’"

This word is also used meaning "to divide." See below.

Heron Geometrica 17.21.1-7:

NoBelone € TNG SLAPETPOVU TOU KUKAOU HETH THG TEPLRETPOV
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oxolviev v SraoTellatl kal eupetyv, moéoou yilveTatr 7 SidpeTpos
Kol Togou 1M MeplpeTpog. Tolel oUTwg: E&&v B8éAQS THY SLdpeTpov
mphTNY elpelv, moinmoov T& UM EmMT&kLS: ylvovTal UG' ToUToV AapE
pépoc k8’ + ylvovTaL 18* ToooUTou 7 SLkpeTpos. TalTa &pov &md
TOV vn* Aovmk pd: ToooUToOu T TeplpeTpos.

"Given that the diameter plus the perimeter of a circle is 58
schoinia, divide [this amount] and find how great the diameter
is and how great the perimeter. Do it thus: if you wish to
find the diameter first, make 58 seven times; the result is
406. Take 1/29 of this; the result is 14. That is the
diameter. Subtract this from the 58 [total]; the remainder is

44, the perimeter."®
€KkKpoUw "to subtract" as well as "to divide":

Pappus, Collectio VII 946.16-17:

A > ’ A > A
KOLVOV €KKEKPOUOB® TO omo BZ

"Let BZ? be subtracted from both [geometrical figures/sides
of the equation]”

See below under "to divide" for other senses of this word.
UpxLpéw "to subtract" used particularly by Heron of Alexandria.:

Heron Geometrica 12.38.3-6

TaUTa pepile émi T& B TA¢ Baoews: ylvovTaL Ka* TPOOTLEO TX &
TS Paoews: yivovtar X v TO HpLou Te. &m0 ToUTwV UdxiLpd T& 8§
TNS PBROEWS: AoLma < -

"I divide this [189] by the 9 [=dimension] of the base; result
21. I add the 9 of the base; result 30. One-half of this is

15. From this I subtract the 9 of the base; remainder 6."

AapBave amd seems not to mean "to subtract." The examples I have
found of this phrase in mathematical authors mean "to take the

distance/amount between x and y" or "to take the next number
in order":
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Vettius Valens 36.24-27K
‘Opoiwg émL TAS aVTNG yevéoews kol Tov "Epufv olUTws éyndpiown:

ElaPov Tac amo Bw8 €wg TAG Ly’ ToU Meyip péy’ kol €fwBev

mpocédnka pER’, OpolV Tke’ * TaUTag améEAucw amo KpioU ava A,
keTeEANEev ke’ “Y8poxbou: €évea O &OTTp.

"Also for the same nativity I calculated Mercury as well in the
following way: I took the [days] from Thoth [1] until Mechir
13--this is 163--and I added as the external factor 162, for a
total of 325. I counted this off from Aries, giving 30 [to

each sign] and stopped at Aquarius 25°. The star [Mercury] was
there." .

Theon of Smyrna De utilitate 25.11-13

omotol etowv 0 AP’ ¥8’ pkn’ kol ol amo ToUTwv €(A¢ kT TO

SumAaoitov AapBavopevor. T yxp AR’ yeéyove pev €x Te &7 kai 1,

% EOTLV &pTLX:

"Of a similar nature are 32, 64, 128, and those numbers
following these derived by doubling [the previous number]. For
32 derives from 4 and 8, which are even."

This use of leppave anmd casts doubt on the reconstruction

of P.Mich. 145 III iv.1l2. where the editors print

[ede]Bo[v v amo Towv] (Spaxpwv) k* ey[elv[eTo v* kat To] v/ ...
Which is supposed to mean: "I took 10 from the 20 drachmas;
result 10; and one~tenth..." .

I suggest that some other word must be hidden here, especially
considering that €Mafov is used throughout the passage for "to
take a fraction of some quantity": [eA«]Pov To k’ TV Ao]imwv
(Spayxpov) ¢ | k8, Aotm(ui) k* "I took 1/20 of the remaining
drachmas (500); result 24, remainder 20."

and its cognates are used for the results of a subtraction,
"the remainder" (Mugler 276-7). The same word is used for the
remainder of a division; for examples of this latter usage,
see below.




page 18

Theon of Alexandria Commentary on the Almagest 1.10 (Loeb I
52):

adbxLpoUpey EWTAKLS T LB’ TpdTa €fnkooTd, TOuTEOTLY TS’

SeUTepa €EMKkOOTE...Kkal UToAelmeTal AoLmhk wAie’ SevTepa

efnkooTa.

"We subtract seven times 12/, which is 84’’...and there is

left a remainder 831’’ (translation I. Thomas).

Now the terms for "to multiply”" including the definite article,
ToMaTAeoLalw, €mL, ouvayw, Tienpi. Multiplication seems to be
considered as a series of additions (see Euclid Elements 7,
def. 15 quoted below), just as division is considered as a
series of subtractions. Hence simple juxtaposition can
indicate multiplication, as well as addition. The wax tablets
cited under kol above also contain multiplication tables which
juxtapose the two numbers to be multiplied: {note}

{Warzburg K 1014 in Brashear, "Holz- und Wachstafeln" 19.
Parallel passages cited in Brashear p. 19.)}

translation
§ o & 60, 1, 60
§ B px 60, 2, 120
E vy pm 60, 3, 180
£ 8 p 60, 4, 240
E e 60, 5, 300
£ ¢ Tk 60, 6, 360

and so on.

One might compare this set up with the usual fraction tables,
customarily arranged as follows: {note}

{P.Mich. 146 vii (partial). The second entry in this sort of
table is always 6000 times the.fraction; this is included
because 6000 drachmas make a talent. Using this entry, one can
readily see how many drachmas make a given fraction of a
talent.}
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translation
™G « To Lt the 1/10 of 1, 1/10
To L ¥’ the 1/10 [of 6000], 600
Tov B €’ of 2, 1/5
TV y € L' of 3, 1/5 1/10
Tov § ¥y L €’ of 4, 1/3 1/15

TOV/ToU/TN¢ More commonly than juxtaposition alone, the genitive case

of the article is used to signal multiplication by a fraction,

as in the immediately preceding example (Tfc, TOV). Other

examples, the first with Aeppave plus genitive:

Aape To ¢’ Tol SeuTépou "Take one-sixth of the second number."
P.Mich. 144 ii.2 or ToUTwv T0 P PR¢ ... "one-hundredth of

this = 147..." P.Lond. ii 265.28. Note in both examples the
article (76) with the fraction and the genitive case of the
multiplicand, as in the first line of the fraction table quoted
above.

A similar use in Heron Metrica'6.1.8.4-6:

ouvBec T& ' kal T T kol TR 8 ylyveTatr k&' . ToUTWV AwPe TO
quiov: ylyvetar B’. ddere Tac ¢ povadag: Noimal €

"Add 7 and 8 and 9. Total 24. Take one-half of this; total

12. Subtract the 7 units; remainder 5."

molMamAxoLalew and wolurmiaoiale (in later texts) are the most common
words for "to multiply"; moAlamAacLaopoc is the noun meaning
"multiplication”; moAlamA&oiLo¢ means "a multiple".

Euclid Elements 7, Definition 15

"ApLBpog apLBpov moddamAaoitalety AéEyeTal, OTav, GoxL E€LOLV €V

®VUTQ povadec, TooOwUTEKLS ouvTeB 6 moMamlacrialopevog, xal

yEVTTAL TLG.
"A number is said to multiply a number whenever the number
that is multiplied is added to'itself as many times as there
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are units in [the multiplier], and thus some number is

produced."

Vettius Valens 35.18-19
Tee € mepiierdBelons i’ moAumdacialew émi TOov LB/, ylvovTaL oOLg

"I multiply the remainder, 18, by 12, with the result 216."

Heron Geometrica 12.38.1-2

"AMNN0G TO avUTO Tplywvov apPAuvyeviov. modvmiaciale T& C €¢’

€XUTE® ylvovTaL OB &mO TOoUTWY Udaipd Ta U €d° EXUTX yeEVOLEVX
P Noimo pTe.

"Another method with the same obtuse triangle: I multiply

17 by itself; result 289. I subtract from this the 100 (which

came from 10 times itself); remainder 189."

Theon of Smyrna, De utilitate 10-12

Kl yap amef €v €v, kal REYPLS GTeELpou €&V ToANaTAuoLalwpev

TNV povadu, REVEL HOVKS.
"For one times one is one, and even if we multiply the unit

to infinity, it remains a unit."

Another very common way of expressing "to multiply" is the
use of the proposition éni, occasionally with the verb mwoiéo,
but often by itself (Mugler 187-190).

P.Mich. 145 III iii.2

eEmonoa T ¢OpT(La) p €mi Tac (Spaypxg) A | T

"I multiplied the 100 loads by 30 drachmas; result 3000."
(The vertical line in the Greek text is an abbreviation for

ylveTaL. )

Heron Stereometrica 1.5.1.1-4

"ANN@C peTpfionl TV €MLpAVELav. TOLTOOV 0UTWG' TNV SLARETPOV

é€d’ E€avuTnv: yilvovTal p. TadTe Toinoov éml Tk RS yivovTar Bu.

ToUTOV AaPe TO 1§’ * yilvovTar Tid & «n’.

"Another way to measure the surface. Do thus: the diameter

/.
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times itself; result 100. Multiply this times 44; results
4400. Take 1/14 of this; result 314 1/4 1/28 [=314 5/28].

Eutocius Comm. on Archimedes Measurement of a Circle (Archim.
ed. Heiberg III 242) (Loeb I 48)
pUy €mL Ppvy

1153 times 153"

"to get a result by multiplication"; see above p. 00.
€Tl occasionally seems to mean "to multiply":

Heron Geometrica 24.10.15-20

TOUTO €0TLYV 1T K&BETOG, TOodOV K. Kol BESC THALY TX RO Kol
TpooBec «* ylvovTaL modes PP Bv NULoU ylrveTaL TO8es Ka' €EOT®
1 Baoic moddV K. kal 8€¢ Tx A€ kxl &POV T& ¢ AOLTOV REVOUOL
modec KB. &PTL BEC TNV K&BeTOV €ML TNV Paoiv: OV fuiov ylveTat
modeg oL

"This is the perpendicular, 20 feet; Take the 41 and add 2:
result 42 feet. One-half of this is 21 feet. Let the base

be 21 feet. Take the 35 and subtract 6; there remain 29 feet.
Now multiply the perpendicular and the base; [result 420},
one-half of which is 210."

In geometry Ti6nmuL €mi means "to situate or construct a figure
on a given place" (Mugler 421). In this passage 8é¢ really
means "set" the perpendicular on the base. Hence the choice of
this particular expression.

Words meaning "to divide" and the related nouns, including

alpw pepilo mapa
adpaLpEw TH P&
SLaLpéw TePXPEANG
SiLavopn TERVORXL

EKKPOU® GV
Division was viewed as a series of subtractions, hence the

vocabularies of the two operations overlap. It can also be
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viewed as multiplication by a fraction (=division by its

reciprocal). For the latter see under TOV/Tol/TH¢ above.

apxLpéw means "to subtract" (see above) and "to divide", as does olpo.
Vettius Valens 21.31-22.1K
TOLNOOREY Kal TOV TAS ZEAMVNS yVOpova oUTws. SLTAOOXVTES &G

€xeL polpas M 2eAfun &darpolUpev TprakovTadus, T J€

TeEPLAELTOREVRS SOSEXKATAACLAOKVTES KXl E€TMLTPOCBEVTESG TS THG

Sedqune [f] polpxs adaipolpey TprakovTadug, kol ol AotTal

ECOVTARL TS ZEANVNS YVOHOU.

"We will make the lunar gnomon as follows: we double the
degree position of the moon and divide by 30 [=subtract 30’s].
We multiply the remainder by 12 and add the degrees of the

moon, then divide by 30. The remainding figure will be the
lunar gnomon."

xlpew meaning "to divide":

P.Rylands 27.1-2. .

T& TARpTM €Tm, Tp(608ec) B, Gpov avi ke , Ta Aoimx €émi TEe’
"[Take] the full years, add 2, divide by 25 [literally
"subtract by 25’s"], [multiply] the remainder by 365..."{note}
{For a discussion of this astronomical fragment see O.
Neugebauer, "The Astronomical Treatise P. Ryl. 27" Danske Vid.
Selsk. 32.2(1949), B.L. van der Waerden "The Astronomical
Papyrus Rylands 27" Centaurus 5(1958) 177-191, and A. Jones,
"248-Day Schemes". For ava here, compare the passage from
Vettius Valens 33.19P quoted above; it means "at the rate

of" in commercial language.}

SLxtpéw "to subdivide": this word does not commonly refer to the
arithmetic operation, but to the process of "splitting" a
quantity in a given ratio or of "graduating" a length. The
noun is Siaipecioc (Mugler 130-1). A synonym is Tépvopxt. The
first two examples below illustrate the "graduate" sense.




page 23

Ptolemy Syntaxis I 10 (Heiberg i. 31.11-16):
THV WREV TepipeTpov e€lc TE TpnpaTo SLelovTeg...TAS SLapéeTpov
St TO & aUTOV TOV EMLAOYLOWAV dovnoOpevoVr €V TOolE &PLBROLG

eUYpnoTov €l¢ PK TRAHeTE SLNPMIEVNS.

"We subdivide the perimeter into 360 segments...with the

diameter subdivided into 120 segments because of the obvious

convenience [of this number] for the numerical calculations."

Eudoxus Fragmenta, (ed. F. Lasserre) 80.3-5:{note}

{Quoted by Hipparchus in In Arati et Eudoxi Phaenomena

Commentariorum I 6.4, ed. Manitius, Leipzig (1894).)})

TS Mikpdc “ApkTou' TaUTNG y&p 0 E0XXTOC KXl AXRUTPOTATOS &KOTTP
KETToL koTax ThHv i’ potpav ToOv ~lyBvev, G0¢ Se EUSofog Siaipel
Tov {@8Lakov kUkAov, kaT& TRV y’ polpav ToU Kprod.

"...the Little Bear: the last and brightest star of [this

constellation] lies at Pisces 18° --or, as Eudoxus subdivided

the zodiacal circle, at Aries 3°."

In Euclid and in the more geometrically minded authors the
word is used in a geometrical sense: "to split a quantity/line
in a certain ratio."

Euclid, Elements 10.45:

‘H petlov kaTe TO0 avUTO WOVOV omnpetov SraipetTal.

"A major [straight line] is divided at one and the same point."

Theon of Smyrna De utilitate 18.15-18:

L.apépLoTor kol &SialpeTov TO €V 0¢ €v. kol yup O HEV &ANOG

xpLBKOC SLoLpoUneEVos EAXTTOUTXL Kal StoalpelTol €l¢ EALTTOVQ

< ~ ’ - 1 7 > \ ’ v 7 n Y] Y 7 n ’ 1 ’
CUTOV |.1,0pL(X., oLoVv TO ¢ €L TX VY KXL vy T 6 Kol L ﬁ T] € KoL o .
"The One, as One, is indivisible and undivided. For another

number, when split, is lessened and subdivided into parts

smaller than itself, e.g. 6 into 3 and 3, or into 4 and 2,
or into 5 and 1."

But again the word may be applied to a numerical value, in

a sense not too different from the "graduate" sense found in
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Ptolemy, Syntaxis 1.10 above:

Heron Geometrica 4.7.5-15 (in a passage describing Roman

units of measure):
Kl TO ReEV LoUyepdv €oTiv épPadov moddv B To* €xeL yap

prikoe mod®V Op, TA&To¢ moddV pk: SixipelTat Fe elg oUykiwg LP,

0¢ eTvatr €xkaoTny ovykiav moddv PuU. kal avTn Se N ovykiw

JrxipetTar elc okplToula fToL YpPaPpaTe KO, ©F ELVXL EKXOTOV
ckplmouviov moddv p.

"The iugerum is 28800 square feet, for it has a length of

240 feet and a width of 120 feet. It is divided into 12 unciae,

so that each uncia is 2400 feet. The uncia itself ig divided

into 24 scripula, or lines, so that each scripulum is 100
feet."

Stavopxi "distributions" means something like "division" in Plato,
e.g. Laws 819b4: pnlev Té Tivev SLavopxl kol oTepaveov "the
distributions of apples and crowns." (These are the useful
parts of mathematics which the children should learn in play.)
The word is not used for the arithmetical operation, solely
for the distribution of things or of land, as in the the
proemion to Heron’s Metrica, where he recounts the origin of
mensuration: "the first geometry, as ancient history tells us,
was engaged in the measurement and distribution of land"

(...Tepl Tae €v TR yN peTpnoetc kol Jravomss). Heron mentions
this "fact" several times in his work, as does Herodotus
(Histories 2.109: the Pharaoh Sestostris developed geometry to
measure the fields after the Nile had receded), and it has
been widely repeated.

€xkpouw ave "to divide by" literally "to cast out" followed by the
number which is to be cast out. (See above under "to
subtract".) The usual meaning of the word is "to push out" as

in the following example.

Heron Pneumatica 1l.proem. 52-54:

aloBNoETAL TO MVeUUM EXTLTTOV €K TOU &yyeiou' ToUTo Se ovUk
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A0 TL €0TLV T O EKKPOVOUEVOG UTO ToU USwTog &fp.

"The wind/breath is felt coming out of the jar. This is nothing

other than the air pushed out by the water."
It is a common word for "to divide" in Vettius Valens.

Vettius Valens 27.20-25K:
"Epol Se paddov uoikoTepov €8ofe Ta mANpn [Ta] amd AvyoucTov
€Tn Kol TaS EMPOALPOUS AaPOVTE, KaBWS TPOKELTHL, KXL TXG &TO

Bwe €wg TNG yeveoLakfs TUEPXG Kxl EkkpovoavTa €RBSopadag kol

T&S AoLTXG &MOAUoaVvTa &m0 HAlou ékelvov kpiveiv TolU €Toug
KUpLOV, €l¢ OV KaTeEANEev O apLBROG:

"To me it seems more scientific to take the full years from
Augustus plus the intercalary years, as was just stated plus
the days from Thoth [1] to the birth date; then divide by
seven [literally "cast out 7’s] and count the remainder from
the sun’s [day]. Consider that [day’s star], where the count
stops, to be the ruler of the year."

Vettius Valens 34.12-14K:

Tov §e ["Apea] oUtws. Tx amd AUyolUoTou péxpis <oU> {mTelg
ETOUG aVaAxPOV Ekkpove Ooxkis SUvm ava A, TOv §€ KaToAeLTO-
HEVOV &pLBUOV SLakpLVe, TOTepov &pTids €0TLv 7 &vicog. ..
"Mars thus: take the years from Augustus to the year which
you are investigating; divide by as many 30’s as possible;

note the remaining number, whether it is odd or even..."

mape "divide by" defined explicitly as
€eVpely ToOOkKLG €O0TLY O KE LB T €V TQ &PLE K TE
"to discover how many times 25° 12’ 10’’ is in 1515°" Theon

of Alexandria, Comm. on Ptolemy’s Almagest I 10. This is

perhaps the most common word for "to divide." The noun is

pepLopds="division" and pépoc="fraction with numerator one (1)".

Vettius Valens 34.26-28K:

Tnv 8e “AdpodiTnr oVtws. T& &md Kaiocwupog €wg ol ¢nTelc €Toug
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Gvohapov pépile mapk TOV M, TOV §& kaTaxleldpOEVTH €VTOG TOV N’

XPLEBPUOV OKOTEL €l EYeL EMOYNV OTTPLYHROT. ..

"Venus thus: take the years from Caesar until the year you are
investigating; divide by 8; examine the remainder--less than
8--to see if it is at a stationary point.

Vettius Valens 35.31-33K:

Thy 8e “AdpodiTnyv oUTws. pA8’ gupépioa mapx TOV 1, Aoimal y’,

al onpxivouoL oTnpLypdv, émoxnr e Ouwdl L' TofoTy.

"Venus thus: I divided 139 [years since Caesar] by 8; remainder
3; this indicates a point of maximum elongation in Sagittarius
at Phaophi 10."

Heron Geometrica 24.5.7-8:
kel T& P pepilo Tapk TOV €, KXl AG ECTLV...

"I divide the 180 by 5, and it is 36..."

Siapepil{w is used for dividing a quantity of money in P.Genova
2 App. 1 rp. 4-9 (a partnership agreement):

Oporoy® €oyxov mapx ooV Movdvoile apyuplov Spaypdc €V TUAXVTOLS
[T ]havTov §08ekx, y(tvovTar) (TalavTa) 12, elc Aoyov T[M¢
aUTAC évmopiag] Tva el TL eVpopev émave ToOV SoSeko 12

[TeAavToV. .. .. .epov Srapepilopsy avuTe €v SUo 2 pépmn, [EpOL HEV

NpLov pépos] col 8& To &ANov pépogc umep TOV apyv(plov:

",..I agree that I have had from you, Pouonsis, silver drachmas
amounting to twelve talents (= tal. 12) for the account of

this same enterprise and that if we find some profit beyond
the twelve (12) talents...we will divide it into two (2) parts,

one-half part to me, the other part to you, of the money..."

mupk by itself in the sense "divided by" in Wurzburg K1024:

T0 B'...

Tov ¥y B y B map(x) ¥y By

"2/3...

of 3 =2 32 [=6] divided by 3. 2:'3[=6]." ({note})

{This is a fraction table like the one cited above under the
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beginning of the multiplication section. The editor, Brashear,
considers that the right part of each line is a check on the
accuracy of the multiplication by 2/3. W. Brashear, "Neue
griechische Bruchzahlentabellen" Enchoria 12(1984) 1-6.}

mepafaiie Tepx "to divide;" used with a geometrical figure in mind,

since this is the term for "applying" one area to another in
geometry (Mugler 324). Consequently this term is not normally
used for ordinary numerical division. {note}

{in the 13th century George Pachymeres, in a long section
showing how to multiply and divide sexagesimal numbers, used
mepapaiiew for "to divide" but felt the need to gloss the word
when using it for this strictly numerical work.

Quadrivium 337.19-21:

"EmeLTa Séov elmelv xal mo¢ Sel maupaPBailerv elTouv pepilerv

aUTOUG Tap &AANAOUGC €l¢ TO e€vplokeiv molog apLOpOG €0TLV

0 UMO TNG TapxPoAfS xUTOV YLVOREVOG, OV OL YEWRETPAL TAXTOG
KXAELY €L0BXOLVY.

"Next it is necessary to say how one must apply, i.e. divide,
one number by another in order to discover what number is

the result of the division; the geometers call this number

the platos" [literally, the width]. The word from the geometric
and philosophic tradition (for the close connection between
these see Knorr Problems 367) is here applied to arithmetic--
with an explanation.)

The underlying meaning can be seen in the following quote, the
lemma to Euclid Elements 10.16:

Eav mapd Tive evBelav TopxBANBT TapAANAOYpPXMQOV EANELTOV
eldeL TeTpuyovw, TO TMupuPAnBev (oov E€O0TL TQ UTMO TOV €k THG
TapuBOAS YEVOREVOV TRMUETOV TNAC €UBELAS.

"If to any straight line there be applied a parallelogram

deficient by a square figure, the applied parallelogram is
equal to the rectangle contained by the segments of the straight

line resulting from the application." (translation Heath)
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Theon of Alexandria Comm. on Ptolemy’s Almagest 1.10:

Tapk Th yevopevo pAS mupaBadoluev T YE €inkooTd TPOTK Kol

TOV yevopévor €x THAE TapxfoAfs '8 mpoTwr €fnkooTdv €fopev...
"We divide the resulting 134 into 660’ and from the division
we will get 4’/..."

This passage refers to an illustrative figure in the text (a
xoplov TeTpaywvov To ABIA) which illustrates the progressive
divisions. The square ABIA is successively applied to the
quantity 660’. Hence muapaBailw maps seemed to Theon the

appropriate word.

Heron Metrica 1.5.25-27:
<...ylyveTtal TEe' ATO TOUTWV APEAE T& OKE'> YLYVETXL AOLTX PR’

TOUTOV TO HpLou’ ylyveTaL o TapiBalre mapx Tov L8 ylyvetar €

Kel T& Ly €  €EavuTa' ylyveTaL pés.

"<,..result 365. From this subtract the 225;> 140 remain as
the result. Take one-half of this; result 70. Divide by 13;
result 5. Multiply 13 by itself; result 169."

This problem too refers to a geometrical figure: a scalene
triangle whose sides are given and whose area is to be
determined. A similar usage occurs 14 times in Heron’s Metrica

alone.

Tépvopxt "to divide, cut" in a sense practically identical to that of

SLxLpéw quoted under Theon of Smyrna De utilitate 18.15-18

above. It is not used for the arithmetical operation (Mugler
413-416) .

Nicomachus Intro. Arith. I 7:

TEPLOCOS. . .€Ll¢ &vioo 8U0 TERVOUEVOG.

"An odd number is divided into two unequal parts."

Euclid Elements 11.24.7-9:
"Emel yap Svo émimeda mapiAAnAia To BH, TE Umo émimédov TolU AT
TEPVETAL, 0L KOLVXL aUTOV Topxl TapaAAniol eloiv. mwapaAAnhog

apox éoTiv N AB Tq Arl.
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"Since the two parallel planes BH, E are cut by the plane
Al', the common sections are parallel. Therefore AB is parallel
to AL




FOOTNOTES
1This paper supplements Mugler’s dictionary of Greek
geometrical terminology: Charles Mugler, Dictionnaire

Historique de la Terminologie Géométrique des Grecs (Paris
1958) .

? The main exception is the sui generis Diophantus,
whose relatively modern notation is described in Heath.

3 An example might be useful. Following is a passage from
Ptolemy, Almagest VI 7 (H510) as translated by G.J. Toomer
(the equations refer to line segments in a diagram in the
text; bracketed passages are additions by the translator):
"So let us take an eclipse for which the entry [in the table]
is ‘15 lunar digits’, i.e. one in which D, the moon’s centre
[at mid-eclipse] lies 1 1/4 lunar diameters inside the
boundary set by the limits of the eclipse. That is to say,
when

(AB-AD) (AZ-AD)
and (AG-AD) = (AE-AD)
Then, for the moon’s greatest distance,

as before, AB = 56;24 minutes and AB? = 3180;58.

And AG = 25;4 minutes, since the moon’s diameter

1 1/4 lunar diameters

1/4 lunar diameters.

at greatest distance is 31;20 minutes.
Therefore AG? = 628;20,
and, by a similar argument,
AD = [56;24-(31;20+7;50)=]17;14 minutes and
AD?® = 296;59."
Here is an extremely literal rendering of the same passage,,
beginning with "That is to say...":
"That is to say, when the [line] AD is less than either of the
{lines] AB and AZ by the aforementioned one lunar diameter
plus the quarter part of it, and [less than] either of the
[lines] AG and AE by the quarter part of the lunar diameter;
then at the moon’s greatest distance, the [line] AB is equal
to the aforementioned 56 24 sixtieths and the [square] of it,
3180 58. The [line] AG is 25 4.0f them, since the diameter of
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the moon at greatest distance is 31 20 sixtieths. And the
[square] of it is 628 20. Likewise, the [line] AD is 17 14 and
the [square] of it 296 59."

To some extent the difference is one of typography, but even
that difference indicates the modern world’s preference for
schematic clarity, symbols, and well-known methods of
operation. Note that there are no equal signs, no plus or

minus signs, no "decimal" points, in Ptolemy’s text.

4The following works are cited here:
Diophantus, Arithmetica

Euclid, Elements
Eudoxus, Fragments
Eutochius, Commentary on Archimedes

Heron, various works cited from the TLG CD-ROM

Pappus, Collection

Plato, Republic, Laws

Plutarch, Moralia

Theon of Alexandria, Comm. on the Almagest, Short Comm.
on the Handy Tables

Theon of Smyrna, de Utilitate

Vettius Valens, Anthologiae
plus various papyri. For details of these, see the bibliography.

{note} Brackets surround an explanatory addition by the
translator. One digression to elucidate this passage: 288 is
one of three possibilities for the length in days of the
gestation period (approx. 9 months). The astrologer is
counting back 278 days from the date and hour of birth,
finding the moon’s position then, and postulating that degree
of the zodiac as the degree in the Ascendant (i.e. just rising
on the eastern horizon) when the child was born. The Ascendant
governs most predictions, and it is reasonable to say that
most, if not all, of the Ascendants reported in ancient
horoscopes were calculated in some such way as this, not

observed. Valens’ ingenuity in his methods here is typical. I




TANTNOTES
will not bother to explicate all the methods found in these

samples, as such explication would lead this paper too far
afield.

{ W. Brashear, "Holz- und Wachstafeln der Sammlung Kiseleff
(Tafel 1-13)" Enchoria 13(1985) 13-23. The horizontal
separation lines are on the original tablet.

{) Each emperor had an "addition-factor" (m wpodoeeoi¢) of
either 19 or 30, given in a table in Anthologiae Book 1.17.
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